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Iteration Method approximation and the assumption of a known probability
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1 Introduction

Optimal control, or dynamic optimization, consists in designing a controller that steers a dynam-
ical system from a given initial state to a final one while optimizing a specified performance
index [11, 26, 32, 34]. Optimal control plays a central role in modern control system design and
finds widespread application across numerous engineering disciplines [4, 10, 17, 27, 39, 42].

The design of an optimal control for a dynamical system can be achieved using either di-
rect or indirect methods [32]. The principle of direct methods consists of converting the optimal
control problem into a nonlinear optimization problem, which is often solved numerically using
efficient optimization algorithms [4, 10]. The control parameterization method, the control vec-
tor iteration method, and the finite element collocation method are representative examples of
this class [11]. Indirect methods, developed based on the theory of the calculus of variations, al-
low the optimality conditions to be formulated as a set of ordinary differential equations, which
can be solved analytically for simple problems or numerically for complex ones [32, 39]. The
Euler-Lagrange equation, the minimum principle, and the Hamilton-Jacobi-Bellman equation
are well-known and widely used indirect methods [32]. Direct and indirect methods have been
successfully applied to find the optimal control of dynamical systems without uncertainties [39].

Optimal control in the presence of uncertainty is a critical issue and represents a promis-
ing research field that remains largely unexplored using either direct or indirect methods. To
address infinite-horizon optimal control for uncertain quantum-mechanical dynamical systems,
[40] introduced a trajectory-informed machine learning approach. In [44], the prescribed-time
control approach is extended to the design of optimal control for uncertain nonlinear systems.
Robust model predictive control is employed in [2] to address the optimal control problem for
dynamical systems under interval uncertainty. Within the framework of reinforcement relearn-
ing, [33] proposed a design approach for approximate optimal control of uncertain nonlinear
systems.

The parametric optimization approach has been successfully applied to solve optimal con-
trol problems for dynamical systems [11, 14, 34, 36, 37]. This approach has been successfully
applied to solve optimal control problems for switched systems [23], time-delay systems [12],
integer-order systems [13, 14, 21, 24], and fractional-order systems [20]. A survey of the appli-
cation of the parametric optimization approach to solve optimal control problems can be found
in [25, 30].

To the best of our knowledge, the parametric optimization approach has not yet been ap-
plied to systems with uncertainties, which constitutes the primary motivation for the present
work. In this study, the parametric optimization method is extended to dynamical systems
with parameter uncertainties. The parametric optimization method involves finding an optimal
control expressed as an expansion in terms of basis functions, after which the optimal control
parameters are determined by solving an optimization problem.
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The principle of the proposed parametric optimization approach consists of using the Vari-
ational Iteration Method (VIM) [18] to convert the optimal control problem into a robust opti-
mization problem. The VIM is a well-established technique used to iteratively solve different
types of differential equations through a correction functional [19]. This iterative method has
been successfully applied to solve optimal control [1, 3] and predictive control problems [38]
using indirect approaches such as the Euler-Lagrange equation and the minimum principle.

The main idea of the present work consists of solving the resulting state equation, obtained
by substituting the control expansion into the model of the dynamical system, using the Vari-
ational Iteration Method. The obtained approximate solution is then substituted into the per-
formance index to formulate a robust optimization problem. To solve this robust optimization
problem, the scenario approach [6, 7, 31] is applied to obtain a scenario optimization problem
by extracting independent and identically distributed samples (scenarios) from the uncertainty
set according to a known probability distribution [9]. The resulting scenario optimization prob-
lem is then solved using efficient optimization methods [29] to determine the optimal control
parameters, i.e., the expansion coefficients. Application examples are provided to illustrate
the proposed design approach and demonstrate its effectiveness. The proposed method is not
intended to replace optimal control approaches, but rather to extend parametric optimization
techniques to uncertain dynamical systems, where analytical or approximate optimal solutions
may not be directly available or easily derivable.

The proposed design approach proceeds in two main steps. The first step consists of con-
verting the optimal control problem into a robust optimization problem. This can be readily
achieved even when the dynamical system to be controlled is nonlinear, since an approximate
solution of the state equation can be obtained using the Variational Iteration Method without
discretization or linearization [18, 19]. In the second step, the robust optimization problem is
reduced to a scenario optimization problem using the scenario approach [7]. This approach
provides a probabilistic approximation of the robust optimization problem and has been suc-
cessfully applied to solve several control problems [5, 6]. These considerations motivate the
use of the Variational Iteration Method and the scenario approach in developing the proposed
design methodology for parametric optimization of uncertain dynamical systems.

The rest of the paper is organized as follows. In Section 2, we formulate the optimal con-
trol problem for an uncertain dynamical system. Section 3 presents the two mathematical tools
used in this work, namely the Variational Iteration Method and the scenario approach. In Sec-
tion 4, we describe and summarize the steps of the proposed design approach. Two application
examples are provided in Section 5, and Section 6 concludes the paper.
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2 Control problem statement

Consider an uncertain dynamical system

ẋ(t) = f(x(t), u(t), t, θ), (1)

with the initial condition

x(t0) = x0, (2)

where t ∈ [t0, tf ] is the time variable, with t0 and tf denoting the initial and final times, respec-
tively. The interval [t0, tf ] defines the control horizon. The state vector is x ∈ Rn (R being the
set of real numbers), and the control variable is u ∈ R. θ is the vector of uncertain parameters
ranging within the bounded set ∆ = [θmin, θmax]. The positive integers n and p represent the
dimensions of the vectors x and θ, respectively. The function f is a continuously differentiable
vector-valued function.

The objective is to design an optimal control law u(t) that optimizes the following perfor-
mance index:

J(u(t)) = ψ(x(tf ), tf ) +

∫ tf

t0

ϕ(x(t), u(t), t) dt, (3)

where ψ and ϕ are continuously differentiable scalar functions.
The optimal control problem can be stated as the following dynamic optimization problem.

min
u(t)

J(u(t)) = ψ(x(tf ), tf ) +

∫ tf

t0

ϕ(x(t), u(t), t) dt (4)

subject to:

ẋ(t) = f(x(t), u(t), t, θ), (5)

x(t0) = x0, (6)

θmin ≤ θ ≤ θmax. (7)

3 Mathematical tools

In this section, we briefly introduce the Variational Iteration Method [18, 19] and the scenario
optimization technique [7]. The former is used to solve differential equations, while the latter is
employed to address robust optimization problems. These two mathematical tools are applied
to reduce the robust optimization problem (4)–(7) to a scenario optimization problem.
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3.1 Variational iteration method

The variational iteration method is a semi-analytical method that has been successfully used to
find solutions to various types of differential and integro-differential equations [8, 18, 19, 28].
Using this iterative method, one can obtain successive approximations that converge to the
exact solution. In this work, we deal with dynamical systems described by first-order ordinary
differential equations. Hence, to illustrate the Variational Iteration Method, we consider a first-
order ordinary differential equation

ẋ(t) = F (x(t), t), (8)

where F is a Lipschitz nonlinear function. Equation (8) can be written in the following operator
form

Lx(t) +N (x(t)) = g(t), (9)

where L is a linear differential operator, N is the nonlinear operator, and g is a continuous
function.

To find successive approximations that converge to the solution x(t), we use the following
correction functional [18, 19]:

x(j)(t) = x(j−1)(t) +

t∫
0

λ(s)
(
Lx(j−1)(s) +N

(
x̃(j−1)(s)

)
− g(s)

)
ds, (10)

where λ is the Lagrange multiplier to be identified using the variational theory [3, 18], and
x̃(j)(t) is the restricted variation, that is, the variation δx̃(j)(t) = 0. The initial approximation
x(0)(t) is chosen such that the initial condition (6) is satisfied. Hence, when an exact solution
exists, it can be obtained as follows

x(t) = lim
j→∞

x(j)(t). (11)

On the other hand, an approximate solution can be achieved after a few iterations. The accuracy
of the approximation can be evaluated as follows

∥x(j)(t)− x(j−1)(t)∥L2([t0, tf ]) =

t∫
0

(
x(j)(t)− x(j−1)(t)

)2
dt ≤ ε, (12)

where ε is a given threshold and L2 is the Lebesgue space of square-integrable functions [43].
In this case, the approximation of the solution is given as follows

x(t) ≈ x(j)(t). (13)
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Remark 1. The correction functional (10) can be written under the following form

x(j)(t) = Ax(j−1)(t), (14)

with the operator A defined as follows

Ax(t) = x(t) +

∫ t

0
Lx(s) +N (x̃(s))− g(s) ds. (15)

Then, according to [35, Theorem 2.3], if the operator A is contractive, the resulting succes-
sive approximations x(j)(t) converge to the exact solution x(t). In the following, it is assumed
that this condition on A is fulfilled.

3.2 Scenario approach

The scenario approach is a probabilistic approximation for robust optimization problems [5, 6,
16, 22, 41]. In this section, we briefly introduce the principle of this approach; more details can
be found in [7].

Let us consider the following robust optimization problem

min
z∈ℜn

max
θ∈∆

F(z, θ), (16)

where z ∈ ℜn is the vector of decision (optimization) variables, and θ denotes the bounded
set of uncertain parameters that affect the objective function F . The integer n denotes the
dimension of the decision vector space.

Now, let us assume that F(z, θ) is convex with respect to z, hence we have

F(z, θ) ≤ y, ∀z ∈ ℜn, (17)

consequently, the robust optimization problem (16) can be rewritten in the following form [6]

min
z, y

y (18)

subject to:

F(z, θ) ≤ y, (19)

or equivalently

min
w
y (20)

subject to:

G(w, θ) ≤ 0, (21)
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where w ∈ ℜd (d = n+ 1) is the new vector of decision variables, defined as follows:

w =

[
z

y

]
. (22)

To find the solution of the resulting robust optimization problem (20–(21), we assume that
N independent and identically distributed samples θi (i = 1, . . . , N ) can be extracted from θ

according to a probability distribution P [5, 6]. Hence, the robust optimization problem (20)–
(21) can be approximated or relaxed as follows [6]:

min
w
y (23)

subject to:

G(w, θi) ≤ 0, i = 1, . . . , N. (24)

Optimization algorithms [29] can then be employed to find the solution w∗ of the scenario
optimization problem (23)–(24).

Note that the number N of scenarios or samples required to achieve the solution is given
by the following theorem.

Theorem 1. [6] For any ϵ ∈ (0, 1) (risk parameter) and β ∈ (0, 1) (confidence parameter), if
the number of scenarios N satisfies

N ≥ 2

ϵ

(
ln
(
1

β

)
+ d

)
. (25)

Then, with probability at least 1− β, it holds that w∗ is ϵ-risk guaranteed, that is,

P (θ ∈ ∆ : G(w∗, θ) > 0) ≤ ϵ. (26)

4 Proposed design approach

To find the optimal control u(t), we use the parametric optimization technique. The principle
of this technique consists of approximating the control variable u(t) as follows [11, 14, 20, 21,
34, 36].

u(t) =

q∑
i=1

ki ϑi(t), (27)

where ϑi(t) are well-known appropriate basis functions [34] and ki (i = 1, . . . , q) are the
control parameters. Thus, the optimization is carried out with respect to control parameters
ki which are to be determined. In the following, a design approach is proposed to determine
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the optimal control parameters ki (i = 1, . . . , q) of the control law (27). The main idea is to
convert the uncertain optimal control problem (4)–(7) into a robust optimization problem using
the variational iteration method, which is then approximated via the scenario approach.

By substituting the control law (27) into the state equation (5), the following ordinary dif-
ferential equation is obtained:

ẋ(t) = f

(
x(t),

q∑
i=1

ki ϑi(t), t, θ

)
, (28)

which reduces to the following form;

ẋ(t) = h (x(t), t, k, θ) , (29)

where k is the vector of control parameters ki (i = 1, . . . , q), that is,

k = [k1, k2, . . . , kq] . (30)

Now, Equation (28) can be written in the following operator form

Lx(t) +N (x(t)) = g(t, k, θ), (31)

where L and N are the linear differential operator and nonlinear operator, respectively. Note
that these operators may explicitly depend on both the control parameters k and the system
parameters θ.

Then, by applying the variational iteration method, an accurate approximation of the solu-
tion of the ordinary differential equation (29) can be obtained using the following correction
functional

x(j)(t) = x(j−1)(t) +

∫ t

0
λ(s)

(
Lx(j−1)(s) +N (x̃(j−1)(s))− g(s, k, θ)

)
ds, (32)

which yields an approximation of the solution x(t) as a function of the variables t, k, and θ,
that is,

x(t) ≈ x(j
∗)(t) = Φ (t, k, θ) , (33)

where j∗ is the number of iterations required to achieve convergence and to obtain an accurate
approximation of the performance index (4).

Remark 2. Since the resulting ordinary differential equation (29) depends on the unknown
control parameters ki, the convergence analysis of the VIM method becomes non-trivial, as
it prevents a direct verification of condition (12). Nevertheless, a suitable value of j∗ can be
determined by verifying condition (12) for representative values of ki, and this value is then
retained for the parametric case.
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Now, substituting both the solution (33) and the control law (27) into the performance index
(4) yields

J̃ (k, θ) = ψ
(
x(j

∗)(tf ), tf

)
+

∫ tf

t0

ϕ

(
x(j

∗)(t),

q∑
i=1

ki ϑi(t), t

)
dt. (34)

Hence, the optimal control problem (4)–(7) reduces to the following robust optimization
problem.

min
k

max
θ
J̃ (k, θ) (35)

subject to:

θmin ≤ θ ≤ θmax. (36)

Then, by extractingN independent and identically distributed samples θi (i = 1, . . . , N ) from
θ, the following scenario optimization problem is obtained.

min
k, y

y (37)

subject to:

J̃ (k, θi)− y ≤ 0, i = 1, . . . , N, (38)

or equivalently

min
w
y (39)

subject to:

G (w, θi) ≤ 0, i = 1, . . . , N, (40)

with

w =

[
k

y

]
. (41)

The solution of the scenario optimization problem, obtained using optimization methods
[29], yields the optimal values of the parameters k, that is, k∗. The robust optimal control is
then given as follows:

u∗(t) =

q∑
i=1

k∗i ϑi(t). (42)

Thus, the various steps of the proposed design approach can be summarized as follows:
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Step 1. Approximate the control variable as in (27) by selecting the basis functions ϑi(t)
and the positive integer q,

Step 2. Substitute the control approximation (27) into the state equation (5).

Step 3. Solve the resulting ordinary differential equation, using the variational iteration
method, to obtain an approximation of the solution,

Step 4. Substitute the solution obtained in Step 3 into the performance index to obtain
the robust optimization problem (35)–(36),

Step 5. Reduce the robust optimization problem obtained in Step 4 to the scenario opti-
mization problem (39)–(40) by assumingN independent and identically distributed sam-
ples θi (i = 1, . . . , N ) extracted from θ,

Step 6. Solve the scenario optimization problem (39)–(40) using an optimization method
to obtain the optimal parameters k∗i of the optimal control.

5 Application examples

In this section, two application examples are presented. The first example is described in detail
to illustrate the various steps of the proposed design approach. The samples are generated by
assuming that the uncertainties are normally distributed. The scenario optimization problem is
solved using genetic algorithms [15, 29].

Note that, since the time interval [0, tf ] is compact, according to theWeierstrass approxima-
tion theorem [43], the control function u(t) can be accurately approximated by a polynomial
function. Therefore, in the following, the basis functions considered are of the form

ϑj(t) = tj−1. (43)

Remark 3. For large q, monomial basis functions in (43) become numerically ill-conditioned.
Alternatively, Chebyshev and Legendre polynomials can be used.

Example 1.

Consider the following uncertain linear-quadratic optimal control problem

min
u(t)

J(u(t)) =

∫ 2

0
x2(t) + u2(t) dt (44)

subject to:
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ẋ(t) = θ x(t) + u(t), (45)

x(0) = 0, (46)

− 3 ≤ θ ≤ −1. (47)

We seek a control law of the form

u(t) =
3∑

i=1

ki t
i−1 = k1 + k2 t+ k3 t

2. (48)

Hence, substituting the control (48) into the system to be controlled (45),

ẋ(t) = θ x(t) +
(
k1 + k2 t+ k3 t

2
)
, (49)

which can be solved iteratively using the following correction functional:

x(j+1)(t) = x(j)(t) +

∫ t

0
λ(s)

(
ẋ(j)(s)− θ x(j)(s)−

(
k1 + k2 s+ k3 s

2
))

ds, (50)

The identification of the Lagrange multiplier using the calculus of variations [3, 18] yields
λ(t) = −1; hence,

x(j+1)(t) = x(j)(t)−
∫ t

0

(
ẋ(j)(s)− θ x(j)(s)−

(
k1 + k2 s+ k3 s

2
))

ds. (51)

This, after performing two iterations, yields the approximate solution:

x(t) ≈ x(2)(t) = k1 t+
k2 t

2

2
+
k3 t

3

3
+
θ t2

(
k3 t

2 + 2 k2 t+ 6 k1
)

12
. (52)

By substituting the control (48) and the approximate solution (52) into the performance
index (44), we obtain the following robust optimization problem:

min
k

max
θ
J̃(k, θ) (53)

subject to:

− 3 ≤ θ ≤ −1, (54)

where k = [k1 k2 k3]
T and

J̃(k, θ) =
8 θ2 k1

2

5
+

16 θ2 k1 k2
9

+
32 θ2 k1 k3

21
+

32 θ2 k2
2

63
+

8 θ2 k2 k3
9

+
32 θ2 k3

2

81
+ 4 θ k1

2 +
16 θ k1 k2

3
+

16 θ k1 k3
3

+
16 θ k2

2

9

+
32 θ k2 k3

9
+

16 θ k3
2

9
+

14 k1
2

3
+ 8 k1 k2 +

48 k1 k3
5

+
64 k2

2

15

+
104 k2 k3

9
+

2656 k3
2

315
. (55)
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Now, by assuming N independent and identically distributed samples θi (i = 1, . . . , N ),
extracted from θ, the robust optimization problem (53)–(54) is approximated by the scenario
optimization problem

min
w
y (56)

subject to:

8 θ2i k1
2

5
+

16 θ2i k1 k2
9

+
32 θ2i k1 k3

21
+

32 θ2i k2
2

63
+

8 θ2i k2 k3
9

+
32 θ2i k3

2

81
+ 4 θi k1

2 +
16 θi k1 k2

3
+

16 θi k1 k3
3

+
16 θi k2

2

9

+
32 θi k2 k3

9
+

16 θi k3
2

9
+

14 k1
2

3
+ 8 k1 k2 +

48 k1 k3
5

+
64 k2

2

15

+
104 k2 k3

9
+

2656 k3
2

315
≤ 0, i = 1, . . . , N, (57)

with w = [k, y]T . Hence, by assuming ϵ = 10−2 and β = 10−3, that corresponds according
to formula (25) to N = 2182 samples. The solution of the scenario optimization problem
(56)–(57) carried out using a genetic algorithm, is:

k∗1 = −0.6849, k∗2 = 2.5137, k∗3 = −1.3264 and y∗ = 0.5413, (58)

that is:
u∗(t) = −0.6849 + 2.5137 t− 1.3264 t2. (59)

The optimal state trajectories for five samples of the parameter θ and the optimal control
law are shown in Figures 1a and 1b, respectively. The corresponding values of the optimal
performance index are reported in Table 1. Note also that the value of the performance index
does not exceed the threshold value y∗. The mean value of the performance index is 0.3558,
and the performance variation, defined as the difference between the worst-case and best-case
values, is ∆J = 0.0227. This demonstrates the robustness of the proposed control law.

Table 1: Example 1: Performance index values obtained for five uncertainty samples.

θ −3 −2.5 −2 −1.5 −1

J∗ 0.3465 0.3495 0.3538 0.3600 0.3692

Example 2.

Consider the following uncertain nonlinear optimal control problem:
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Figure 1: Optimal Trajectories for Example 1.

min
u(t)

J(u(t)) =

∫ 1

0
x2(t) dt (60)

subject to:

ẋ(t) = θ1 x
2(t) + θ2 u(t), (61)

x(0) = 0, (62)

1 ≤ θ1 ≤ 2, (63)

2 ≤ θ2 ≤ 3. (64)

We seek a control law of the form:

u(t) =
2∑

i=1

ki t
i−1 = k1 + k2 t. (65)

Hence, by substituting the control (65) into the system (61), we obtain

ẋ(t) = θ1 x
2(t) + θ2 (k1 + k2 t) . (66)

This equation can be solved iteratively using the following correction functional:

x(j+1)(t) = x(j)(t) +

∫ t

0
λ(s)

(
ẋ(j)(s)− θ1

[
x̃(j)(s)

]2
− θ2 (k1 + k2 s)

)
ds. (67)

The identification of the Lagrange multiplier using the calculus of variations [3, 18] yields
λ(t) = −1. Consequently,

x(j+1)(t) = x(j)(t)−
∫ t

0
ẋ(j)(s)− θ1

[
x(j)(s)

]2
− θ2 (k1 + k2 s) ds. (68)

By performing two iterations, we obtain:
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x(t) ≈ x(2)(t) =
θ2 t (2 k1 + k2 t)

2
+
θ1 θ

2
2 t

3
(
20 k21 + 15 k1 k2 t+ 3 k22 t

2
)

60
. (69)

Then, by substituting the control (65) and the approximate solution (69) into the perfor-
mance index (60), we obtain:

J̃(k, θ) =
θ21 θ

4
2 k

4
1

63
+
θ21 θ

4
2 k

3
1 k2

48
+

23 θ21 θ
4
2 k

2
1 k

2
2

2160
+
θ21 θ

4
2 k1 k

3
2

400
+
θ21 θ

4
2 k

4
2

4400

+
2 θ1 θ

3
2 k

3
1

15
+

5 θ1 θ
3
2 k

2
1 k2

36
+
θ1 θ

3
2 k1 k

2
2

20
+
θ1 θ

3
2 k

3
2

160
+
θ22 k

2
1

3

+
θ22 k1 k2

4
+
θ22 k

2
2

20
. (70)

By assuming ϵ = 10−2 and β = 10−3, which corresponds to N = 1982 samples, the
solution of the corresponding scenario optimization problem (39)–(40), obtained using a genetic
algorithm is:

k∗1 = 0.2830, k∗2 = −0.6993 and y∗ = 0.6130. (71)

Therefore, the optimal control law is given by

u∗(t) = 0.2830− 0.6993 t. (72)

The optimal trajectories of the state variables for five representative values of the param-
eter θ, together with the associated optimal control law, are illustrated in Figures 2a and 2b,
respectively. The resulting values of the performance index are listed in Table 2. It can also
be observed that the performance index remains below the prescribed threshold value y∗. The
average value of the performance index is 0.0113, while the variation between the maximum
and minimum performance values is ∆J = 0.0089. These results confirm the robustness of
the proposed control strategy.

Table 2: Example 2: Performance index values obtained for five uncertainty samples.

θ1 1 1.25 1.5 1.75 1

θ2 3 2.75 2.5 2.25 2

J∗ 0.0159 0.0135 0.0112 0.009 0.007
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Figure 2: Optimal Trajectories for Example 2.

6 Conclusion

This paper proposes a design approach for the optimal control of uncertain dynamical systems
by integrating the parametric optimization method with the Variational Iteration Method (VIM)
and the scenario approach. The control input is expressed as a finite polynomial expansion,
and VIM is used to derive an approximate analytical solution of the state equation without
discretization. Substituting this approximation into the performance index yields a robust min–
max optimization problem, which is subsequently relaxed via probabilistic sampling into a
scenario optimization problem solved using a genetic algorithm. The approach is validated
on two scalar-state examples.

It should be noted that the accuracy of the VIM approximation is critical, and convergence
for nonlinear or stiff systems requires verification of the contraction condition stated in Remark
1, which is not straightforward in practice. However, for small finite-time control problems,
only a few iterations are typically required to achieve sufficient accuracy. Moreover, it is as-
sumed that the probability distribution of the uncertainties is known, which is often not the case
in practice; this limits the direct applicability of Theorem 1. In addition, small risk parame-
ters lead to an optimization problem with a large number of constraints, which may render the
solution computationally intractable.

The proposed design approach can be extended to other classes of fractional-order systems
(currently under investigation), multi-state multi-input systems, and optimal control problems
with constraints.
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