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Abstract. The problem of numerically solving partial differential equations is precisely
one of accuracy with an appropriate cost. While globally supported methods yield
arbitrarily high-order accuracy, they are computationally infeasible with increasing
grid-point, while locally supported schemes are efficient while potentially lacking
high-order accuracy. The presented framework which proposes the localized meshless
method that reduces such contradiction by combining a RBF approximation and the
Partitions of Unity (PU) decomposition on several elliptic, convection-diffusion, and
Helmholtz boundary value problems, as well as the associated PDE-constrained optimal
control problems. Overlapping subdomains are chosen and each subdomain comprises
of a locally fitted RBF expansion. It is then combined through the compactly supported
PU weight functions. Localization-replacing one badly conditioned large dense global
RBF collocated system by numerous well-conditioned small local ones, reducing the
theoretical computational complexity from O(N?3) to O(N log N). This framework is
validated through three standard benchmark problems: Poisson’s equation, a singularly
perturbed convection-diffusion equation, and the Helmholtz equation on a circle, each
within a distributed optimal control problem formulation. The proposed scheme achieves
L2-norm errors of order 10=%4 at N = 1,000 nodes, outperforming both standard
finite difference methods and global RBF collocation by factors of 28 to 49 in accuracy.
Optimal control problems are handled through a Lagrange multiplier formulation yielding
coupled state and adjoint systems, both discretized within the same RBF-PU architecture.
The framework is illustrated through a detailed engineering case study — optimal
heat-source regulation in a thermally loaded plate — in which the complete optimality
system is derived, physically interpreted, and numerically solved. Numerical stability,
current limitations, and directions for future investigation are discussed.
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2 RBF-PU Method for PDE-Constrained Optimal Control

1 Introduction

Partial differential equations (PDEs) are used extensively in a large number of scientific and
engineering disciplines to model phenomena such as heat transfer, fluid motion, wave propas
gation, and optimization problems. Obtaining accurate numerical solutions remains non-trivial
when the problem involves complex geometries or non-standard boundary conditions, such as
moving boundaries. Established numerical discretization techniques such as the Finite Differ:
ence Method (FDM) or the Finite Element Method (FEM) have been applied successfully to a
wide variety of problems. In these cases, however, a meshing procedure that creates a discrete
computational mesh fitting the geometry of the domain must be established. For complex or
moving-boundary domains, mesh generation and regeneration.can become an expensive pro;
cess that significantly compromises numerical accuracy. These difficulties have motivated the
development of meshless methods as an appealing alternative. Meshless methods describe the
domain using a set of scattered points and, in contrast to mesh-based methods, do not require

nodal connectivity.

Of all, meshless methods for the numerical solution of partial differential equations by Ra;
dial Basis Function(RBF) which were successfully applied by researchers in decades has bes
come increasingly popular. RBE/methods for the numerical solution to differential equations
are based upon the multiquadric interpolation scheme established by Hardy (1971), and first
developed by means of the direct RBF collocation method based on a general framework of]
RBEF to solve partial differential equations by Kansa [16]. An important desirable property of
the RBF methods is the easiness in accommodating scattered data and even these approximaj
tions can be arbitrarily accurate for smooth problems. Basic disadvantage of a RBF method
if implemented globally collocated manner is that the resulting matrix is numerically poorly|
conditioned as number of nodes is growing up, whose factorization is O(N?). Selecting an
appropriate shape parameter € is one of the critical issues. When approximation is too excel;
lent it leads to'ill-conditioned matrices, whereas too poor one does not improve result and the

accuracy will not be acceptable [9, 27].

These conditioning issues can be elegantly handled through a Partition of Unity (PU) based
framework. The approach subdivides the computational domain into overlapping subdomains
and generates a local RBF approximation on each subdomain. These local approximations are
blended by smoothly and compactly supported weight functions that sum to one, thereby formj
ing a partition of unity. This yields several small, well-conditioned systems instead of one
large dense system. The PU framework was originally applied in the FEM context by Babuska
and Melenk [ 1] and subsequently extended to meshless RBF approximation by Wendland [29]

Theoretical aspects of local multiquadric RBF approximation and quasi-interpolation were inq

westigated by Beatson and Powell [2]. Comprehensive discussions on the approximation theory
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of RBFs, including convergence and error analysis, are available in Buhmann [4]. Practical ass
pects of shape parameter selection are discussed by Fornberg and Flyer [12].

In recent years, the RBF-PU framework has been applied to a variety of PDEs. A direct im1
plementation was proposed in [20], where differentiation of PU weight functions during matrix|
assembly was avoided. Applications to time-fractional and time-dependent PDEs have been re;
ported in [24, 25]. The method has been successfully employed for distributed-order fractional
Cable equations [3] and nonlinear Sobolev equations with Burgers-type terms [8]. Further thes
oretical and practical aspects of RBF methods are found in [10]. /Despite this progress, sev;
eral aspects of RBF-PU methods remain relatively unexplored. In particular, their application
to PDE-constrained optimal control problems has received limited attention, especially when|
state and adjoint equations are solved within a unified meshless framework. Moreover, only a
few studies have reported direct comparisons between RBF-PU and classical finite difference
schemes for standard elliptic and wave equations, and_the derivation of the discrete adjoint
system in the meshless setting is often omitted or only briefly discussed.

Motivated by these observations, the present work investigates the RBF-PU method for both
PDE solution and PDE-constrained optimal control. A related study in [19] applied compact
integrated RBF collocation to time-fractional convection-diffusion reaction control problems
The present approach can be viewed as'an extension to an.integer-order elliptic control framey
work within the partition of unity setting.
Existing studies on global RBF collocation for PDE-constrained optimal control include the
work of Pearson [23], who proposed a global RBF method for Poisson and convection-diffusion|
constrained optimization, achieving spectral accuracy but at O(N?3) cost. Guan et al. [15] used
global RBF collocation and the method of fundamental solutions to solve Dirichlet boundary
control problems. Gonzalez-Casanova et al. [ 13] applied global RBF approximation to optimal
control of convection-diffusion equations. Safdari-Vaighani et al. [26] employed a PU-RBH
collocation method for convection-diffusion equations in financial applications, though with;
out deriving the full optimal control formulation. The present paper differs from those works
in the following fespects. First, while [13, 15, 23] use global RBF collocation with O(NN3) cost
and condition numbers of order 101°-10'2, the present method employs localized PU-based
collocation with O(N log N) cost and bounded local condition numbers below 10%. Second
whereas [15] deals with Dirichlet boundary control, the present work focuses on distributed
interior control, leading to a different adjoint operator structure and KKT system. Third, com
pared to [26], this paper derives and solves the full adjoint-based optimality system. Finally.
compared to the authors’ previous work [21], which was limited to the Poisson equation on a
square domain, the present contribution generalizes the framework to the convection-diffusion
operator (non-self-adjoint, requiring a reversed-convection adjoint), the Helmholtz operator (re;

quiring well-posedness analysis via spectral theory of the Dirichlet Laplacian on a disk), and

arbitrary curved domains
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The main contributions of this work are as follows.

* A self-contained RBF-PU formulation for second-order elliptic, convection-diffusion

and Helmbholtz equations, with explicit derivation of all required RBF derivatives.

» Extension to PDE-constrained optimal control via Lagrange multipliers, with detailed

derivation of the discrete adjoint system.

* An in-depth comparison with unstabilized and stabilized FDM and global RBF colloca;
tion, reporting Ly-error reductions of 28- to 49-fold over unstabilized FDM across all

three test problems.

* A detailed engineering case study of optimal heat distribution in a plate, including the
complete mathematical system, fixed-point iteration convergence analysis, and regular

ization parameter sensitivity.

The rest of the paper is divided in the following section.; The most relevant concepts of]
the RBF and PU methods are discussed in Section 2, together with an introduction of how they
have been incorporated in the RBF-PU methods. In section 3 the numerical method and bench;
mark problems used are described. Corresponding performance of the numeric calculations
engineering applications and examples are addressed. In the Section 4. Lastly, the conclusions

of this research and the prospectds drawn in Section 5.

2 Theoretical Background

The method proposed combines the RBF approximation method with the Partition of Unity (PU
technique (these are two often-used techniques for approximation-which is in the numerical

analysis field). The purpose of this part is just to introduce these techniques, briefly.

2.1 Radial Basis Function (RBF) Approximation

By means of Radial basis functions is presented a geometry-independent and flexible method
for function approximation of an unknown field given as scattered nodal data.
Given N nodes {X1,X2,...,xy} C Q C R? the RBF approximation of u :  — R is

written
N

u(x) = Y Ay ellx —xl), (1

j=1
where ¢ : R; — Ris the radial basis function, ||-|| denotes the Euclidean norm, and {\; }é\le C

are coefficients determined by imposing the governing equations at the nodes. The radial
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dependence on ||x — x;|| makes the approximation invariant under translations and rotations
contributing to the geometric flexibility of the method.
Standard kernel choices include the Gaussian ¢(r) = exp(—(er)?), which is infinitely
smooth but susceptible to stagnation errors as ¢ — 0; the Multiquadric MQ) ¢(r) =
1+ (er)? [16], recognized for high accuracy on smooth problems; the Inverse Multiquadric
(IMQ) o(r) = (1 + (er)?)~/2; and Polyharmonic Splines (PHS) ¢(r) = r?*~1 k € N
which are free of the shape parameter and deliver stable approximations when augmented with|

polynomial terms [11].

Remark 1. The Gaussian kernel was used in the context of all the present study, it’s choice
was based on his well known performance on the elliptic problems with smooth sources and
that we can find closed analytical forms for all the needed spatial derivatives (see Section 2.4)
The shape parameter is fixed at € = 0.5, a value selected on the basis of the sensitivity analysis
reported in Section 3.

For a global RBF approximation, shape parameter plays a significant part. If is small ¢,
shape parameter, the basis function would be less curve, hence; the interpolation matrix tends
to be ill-conditioned. Conversely, large generally yields poor accuracy. It is found that for
multiquadric and Gaussian RBFs that in. general accuracy increases as becomes small but at
the expense of condition number of the system matrix. This relationship between the accuracy
and condition number has been studied by many researchers [27]. Local RBF approximation|
is of interest to the problem as the shape parameter can be determined locally for each subdo-
main, yielding a reasonable trade-off between accuracy and condition number. With an analysis
in theory, the justification for local RBF approximation schemes has been made. It has been
shown by Beatson and Powell that local multiquadric interpolation schemes can reach an almost
optimal approximation rate without the use of all data points [2].

The extension to multivariate setting of scattered-data (and to our problem of two-dimension
is made rigorously by Wendland [30] and Buhmann [4], and they get an error of the form

lu = unllp2@) < CA™, 2

where h denotes the fill distance of the node set and C' depends on the smoothness of u and
the kernel order. These results support the convergence behavior reported in Section 4. Further
details on shape parameter selection and the connection between RBF and finite difference

methods are available in Fornberg and Flyer [12].

2.2 Partition of Unity Method

The Partition of Unity (PU) framework constructs a global approximation from a collection of]

local approximations. The domain £ is covered by a finite family of overlapping open subdos




6 RBF-PU Method for PDE-Constrained Optimal Control

mains {Q;}, satisfying

Q= Q. 3

=

=1

For each subdomain 2;, a weight function w; : Q@ — R is defined such that w; € C?(Q)
w; > 0, supp(w;) C Q;, and w;(x) = 0 for all x ¢ ;. These weights form a partition of unity

M
Zwi(x)zl Vx e Q. 4
i=1

A canonical construction is the Shepard weight

¥i(x)
Sy (%)

where each 1); is Wendland’s compactly supported C? function

. 4 —_ 3
wi(x):max<0, L 69”) (4’)‘5' dl +1), i=1,.... M,

where ¢; is the center and §; is the radius of 2;. The unity constraint (4) is then satisfied auto;

w;(x) =

matically. Given local approximations u; : {2; = R, the global PU approximation is

M
u(x) & > wi(x) ui(x). (5
=1

The framework was introduced in the FEM context by Babuska and Melenk [1] and extended
to the meshfree setting by Wendland [29], Griebel and Schweitzer [14], and Cavoretto and De
Rossi [7].
When the local approximants u; are low-order polynomials, accuracy is limited near steep
gradients or boundary layers. Replacing polynomial local approximants with RBF expansions
substantially improves accuracy in such regions; robustness near sharp layers remains sensitive

to the shape parameter and subdomain radius, as discussed in Section 3.3.2.

2.3 Integration of RBF and PU Methods

The RBF-PU method is obtained by taking the local approximants u; in (5) to be RBF expan;
sions. Within each subdomain 2;, the local approximation is

N;
wi(x) & Y Ae(lx —xil) (6
=1

where {x;; }jV:Z , are the nodes in €2; and {\;;} are local coefficients. Substituting (6) into (5

yields the RBF-PU approximation
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M N;
u(x) =Y wilx) Y Ay ellx — x5l - 7
i=1 j=1

This construction inherits high-order accuracy from the local RBF expansions and computas
tional efficiency from the PU decomposition. Each local system has size IN; x IV;; since IV; is
held fixed as NV grows (here V; ~ 25), local condition numbers remain bounded independently
of V.

The overall computational complexity proceeds as follows. Domain decomposition into M
subdomains via a kd-tree costs O(N log N) [5]. Assembly of the /V; x N local collocation
matrix costs O(N?) = O(1) and its LU factorization costs O(N?) = O(1), both constant
since V; is fixed. Assembling M = N/N; local contributions into the global sparse matrix
costs O(N). Solving the resulting sparse system by GMRES with ILU preconditioning costs
O(nnz) where nnz = O(N - N;) = O(N). The dominant step is the decomposition, giving
an overall complexity of O(N log N). For N < 10,000, the logarithmic factor is bounded by
14, so the practical scaling is indistinguishable from linear; this is confirmed by the timing data
reported in Table 4.
The fact that the formed RBF-PU approximation converges to the actual solution is guar;
anteed by two essential characteristics. that.the construction possess: the first being the fact
that

M
> wil(x) =1,
=1

enforces a partition-of-unity, and in consequence it assures that the blended approximation (7
form one globally single, well-defined function and the preservedness of the constants. Second
the C?(12) regularity of the Shepard weights ensures smoothness across patch boundaries with
no discontinuities at interfaces. The rigorous convergence proof showing ||u — uy,|| r2@) — 0
as h — Ois givenin[29, 30] and applies to the assembled global approximation as a whole. The
empirically observed rate m ~ 3.8 in Table 5 is consistent with estimate (2). Convergence of]
the full optimal control triple (y*, p*, u*) in Sobolev norms remains an open question, identified

as future work in Section 5.

2.4 Differentiation of RBF Basis Functions and Local Collocation

Consider the second-order boundary value problem
—eAu+ 03 -Vu+ou=h in{, u=0 onof, 8

where £ > 0 is the diffusion coefficient, 3 is a given velocity field, h € L?(f2) is a source

term, and ¢ is a real constant. The operator in (8) is elliptic when ¢ > ( and of Helmholt
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type when o = —k? < 0, provided k2 is not an eigenvalue of —A on Q. For a basis function
i (x) = ¢(||x — xx||), the required derivatives are

Opp _ dp mi —wpi

- = |Ix — 9
8:131' dr r ) r ||X Xk”v (
d?p d—1dyp
App = —= — 10
Pk = 4 rdr’ (

where d is the spatial dimension. For the Gaussian kernel (r) /= exp(—(er)?):

d
—df = —2¢%r exp(—(er)?),
d2
d—rf = (—2¢® + 4¢™r?) exp(=(er)?).

At the center node x;, (i.e., r = 0), L’Hopital’s rule applied to (10) gives A‘Pk‘r:o = 2de?
which is finite and well-defined. Each collocation point is excluded from its own local system|

to avoid self-referencing singularities in the matrix assembly.

Within each subdomain (2;, substituting the local RBF expansion (6) into the residual of (8

and collocating at /V; interior nodes yields the local linear system
A; X\ = by, (11

where the (k, j) entry of A; is [—eAp;+ 8-V, +0p;] evaluated at node x,, and b; ;, = h(xy)
IAssembling all local systems together with the Dirichlet boundary conditions yields the global
sparse linear system PX = b, where the sparsity of P follows from the compact support of the
PU weights w;.

3 Numerical Implementation and Test Problems

The numerical experiments serve two purposes: validating the accuracy of the RBF-PU dis;
cretization on classical PDE benchmarks, and demonstrating the method’s applicability within|
a PDE-constrained optimal control setting. Three benchmark problems are considered: Pois;
son’s equation, a singularly perturbed convection-diffusion equation, and the Helmholtz equa;
tion, each embedded in an optimal control formulation. Computations are performed in Math;
ematica using N = 1,000 uniformly distributed nodes, a Gaussian RBF with ¢ = 0.5, and

30% subdomain overlap. These parameters were selected based on preliminary experiments

showing only minor Lo-error variation for £ € [0.3,0.8] and overlap € [20%, 40%]
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3.1 Assembling the RBF-PU Linear System

The RBF-PU system construction is summarized in four steps. The domain €2 is first cov;
ered by M circular subdomains, each containing approximately N; ~ 20-30 nodes. Within|
each subdomain §2;, the local RBF collocation system (11) is assembled using the Gaussian|
kernel. These Shepard-type PU weights are then used to add together the local contributions
into global sparse matrix, finally solved using sparse direct solver (MUMPS backend exposed
through LinearSolve for Mathematica). Node-to-patch assignment'is handled by the cell;
based searching procedure of Cavoretto and De Rossi [5], reducing the cost from O(N?) to
O(NlogN).

The number of subdomains M and patch radius ¢§; arechosen so that each local system
contains INV; € [20,30] nodes. For uniformly distributed nodes; M ~ N /N; with N; ~ 25
and 6; = 1.3 hmax,i, Where hmay; is the maximum inter-node spacing within €2;. Algorithm 1
summarizes the complete assembly procedure.

Within each subdomain €2;, the PDE residual is collocated at /V; interior nodes:

Ri(x) = —eAui(xg) + B Vui(xg) + oui(xg) — f(xg) = 0,k =1,... N;, i=1,..., M.

(12
The global system assembled from local contributions is
M M
PX=b, P=> WAW, b=> Wb, (13
i=1 i=1

where W is the restriction operator selecting nodes of €2; from the global set.

Remark 2. The residual (12) applies to the general convection-diffusion-reaction operator. For
the Helmholtz problem of Section 3.3.3, the term owu; is replaced by —k2u,; for the Poisson|
problem of Section 3.3.1, one sets 3 =0 and o = 1. Since state and adjoint operators share
the same sparsity pattern, boundary enforcement is applied identically to both discretization|

matrices K; and K, preserving the block structure of the coupled system (21).

A direct numerical check on global consistency is provided by Figures 1-3. If PU blending
introduced inter-patch artifacts, one would expect elevated errors concentrated at patch bound;
aries. The smooth, globally distributed error profiles in those figures show no such features
The monotone convergence behavior in Table 5, with a stable rate of approximately 3.8, further

confirms global consistency.

3.2 PDE-Constrained Optimal Control Formulation

Each benchmark PDE is cast within a distributed optimal control framework. The optimal con;

trol problem is to find (y*, u*) € Hg(Q) x L*(Q) minimizing the tracking-type cost functional
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Algorithm 1 RBF-PU System Assembly

Input: Nodes {x; }IY_, C ; operator £; source f; boundary data g; shape parameter «;
target patch size ;.
Output:  Global sparse matrix P and right-hand side b.

1. Spatial decomposition. Build a kd-tree on {z}}1_, and select M ~ N/N; subdomain centres
{ei}idy.
2. Patch construction. For: =1,..., M:
a. Set the patch radius §; = 1.3 Amax ;-
b. Assign all nodes satisfying ||x;; — ¢;|| <.d; to the local subdomain €2;, yielding the local node
set {x;; };'V:iy
3. Local system assembly. For i =41,... M:

a. Assemble the V; x N; local stiffness matrix A; with entries
[Ailk; = [Felp; + B V; +0¢;](zin)-

b. Assemble the local right-hand side vector b; with entries [b;]r = f(2x).
4. Partition-of-unity weights. Evaluate the Shepard PU weights w; () for all nodes in supp(£2;).

5. Global assembly. Accumulate local contributions into the global system:

M M
P Y WIAW, b« Y Wb,
=1 =1

6. Boundary condition enforcement. For each boundary node z;, € 0$2:
a. Replace row k of P with the corresponding identity row.
b. Setb, = g(CL‘k).

7. Linear solve. Solve the global system PX = b using a sparse direct solver.
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i R AT—, Y2
(y,u)eHzlrgzn)xL%Q)J(y’u) N 2Hy Iz + 2 lullZ2q) (14

subject to the elliptic state equation
Lly=f+u inQ, y=0 ondQ, (15

where j € L?(Q) is the desired state, u € L?(Q) is the distributed control, v > 0 is the
Tikhonov regularization parameter, and f € L?(f2) is a known source term. Problem (14)-
(15) is well-posed: existence and uniqueness of (y*, u*) follow from strict convexity of J and
coercivity of £, as established by Lions [17] and detailed in Troltzsch [28].

Introducing the adjoint variable p € H}(£2) as a Lagrange multiplier, the Lagrangian is

L(y,u,p) = J(y,u) + (p, LIy —f — u)2(0) (16

Setting first variations to zero yields the KK T optimality system:

State equation (% = 0) : Llyl=f+u mnQ, y=0o0n0dY 17

Adjoint equation (% - 0) S Ll =y—g inQ, p=0ond2 (I8

Optimality condition (%{i = O) D qu+p=0 = u=—p/y. (19

Here £* denotes the formal L?-adjoint. For the symmetric operator £L = —A + oI one has

L* = L; for the convection-diffusion operator £ = —cA + 3 - V + o[ the adjoint is L* =
—eA—-(B-V+ol.
Substituting (19) into (17) eliminates v and yields the reduced two-field coupled system

E[y}zf—g, Lpl=y—7. 20

Applying the RBF-PU discretization of Section 3.1 to both equations in (20) gives the block
linear system

Y
Py

F,

sl 21
_Yh (

K, —1irI
v
-1 K,

where K and K, are the RBF-PU discretization matrices of £ and £*; Y;, and P}, are the
nodal coefficient vectors of state and adjoint; Y, is the vector of desired-state values; and F, =
b, —(1/ V)Pifl is updated at each iteration, reducing the procedure to a fixed-point iteration

In practice, (21) is solved by a decoupled iterative algorithm, with convergence declared when

bt — | 2 . _
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3.3 Test Problems

IAll three benchmark problems have analytically prescribed desired states . The exact optimal
triple (y*,p*,u*) is constructed by the method of manufactured solutions: given ¢ and the
corrected source f, the exact optimal control satisfies u*(x) ~ Lly] — f + O(y) asy — 0
and the corresponding y* and p* are obtained by solving system (20) on a fine reference mesh|
of N = 40,000 nodes. The L?- and L>-errors reported in Table 1 are measured against this
reference triple.

3.3.1 Test Problem 1: Poisson’s Equation

The first benchmark is Poisson’s equation on the unit square €2 = [0, 1], with operator £ =
—A+ol,o=1:

~Ay+y=f+u inf0,1)% y =0 on o, (22
with desired state y(x, y) = sin(mz) sin(my),background load f(x,y) = sin(nz) sin(7y), and
v =1073.

Note that f # L[] = (272 1) sin(@rz) sin(7y), so the desired state is not achievable
without active control. The residual
L[] — f = 2a%sin(xz) sin(ry) # 0

constitutes the effective forcing that the optimal control must compensate, giving

u*(z,y) ~ 2nsin(mx) sin(ny) + O(y) asy — 0.

3.3.2 Test Problem 2: Convection-Diffusion Equation

The second benchmark employs £ = —cA + 3 -V + ol withe = 0.01, 8 = (1,1)", and

o=1:

0 0 .
0.01Ay+ (4 ) hy=Ffru 0,12  y=0 ondQ, 23
or oy
with desired state g(z,y) = e**¥. Direct computation gives L[e” Y] = (3 — 2¢)e™Y, so

the background source is set to f(z,y) = (3 — 2¢)e® Y. With this choice, L[y] = f, mean;
ing 7 satisfies the state equation exactly when v = 0. For v = 1073, the optimal control

is numerically nonzero; at convergence, ||u*||z2(q) = 9.87 x 1073, The adjoint operator is

L* = —eA — (3-V + ol, with the convection direction reversed
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3.3.3 Test Problem 3: Helmholtz Equation

The third benchmark is the Helmholtz equation with £ = —A — k21 on the unit disk Q =
{(z,y) :2® +y* < 1}

—Ay —4r*y = f+u in{z?+y* <1}, y=0 on0, (24

with k& = 2, desired state 3(x,y) = sin(rx)sin(y), and source term f(z,y) = (272 —
Ur?) sin(mx) sin(my) = —272 sin(7wx) sin(7y). The circular domain boundary does not align
with any Cartesian mesh, making this problem a natural test of geometric flexibility. The target
state 4/ need not satisfy ¢ = 0 on 0f2 pointwise; the computed y*, which does satisfy y* = 0 on|
0f, converges to § in the interior as v — 0.

Remark 3. The wave number k = 27 is chosen so that k> = 472 is not an eigenvalue of
the Dirichlet Laplacian —A on the unit disk. Since the first such eigenvalue is approximately,
5.78 < 4m? ~ 39.48, and no Dirichlet eigenvalue of the unit-disk Laplacian coincides with
Ur?, the Helmholtz problem (24) is well-posed for all right-hand sides in L2((2).

3.4 Visualizations of Numerical Solutions

Figures 1-3 display side-by-side.comparisons of the exact and RBF-PU numerical solutions for
each test problem. In all three cases, the numerical solution tracks the exact solution with high
fidelity across the entire domain; consistent with the error values reported in Table 1. No signif;
icant spurious oscillations, artificial diffusion artifacts, or boundary-related numerical artifacts

are observed.

4 Results and Discussion

INumerical benchmarking results are organized around three criteria: solution accuracy (Sec+
tion 4.1), computational efficiency (Section 4.2), and perturbation stability (Section 4.3). The
complete optimal control workflow is then demonstrated on a thermal engineering problem in|
Section 4.4. All computations were performed on a single core of an Intel Core i7-10700K
processor (3.8 GHz) with 16 GB RAM, running Mathematica 13.3 on Windows 11
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Exact Solution RBF-PU Numerical Solution
100 f ‘ : ‘ 100 ] ; ; ‘

Figure 1: Test Problem 1 (Poisson, Q = [0,1]?). Left: exact desited-state 7j(z,y) = sin(wz) sin(ry). Right
RBF-PU optimal state y* (=, ). Both panels share the colorbar scale [0, 1] (°C). Pointwise L°-error = 2.34x 10~*
the maximum error is concentrated near the domain center, consistent with, the smooth bell-shaped profile of .

4.1 Accuracy Assessment

Table 1 reports the L2- and L>-errors for all three test problems at N = 1,000 nodes. In every
case, the RBF-PU method yields smaller errors than both FDM and global RBF. All results in|
Tables 1-6 were obtained with'/N. = 1,000 uniformly distributed nodes, ¢ = 0.5, and 30%
overlap, consistently applied across all three methods.

Table 1: Error comparison for three test problems (N = 1,000 nodes, € = 0.5, 30% overlap). Gains are reported
relative to unstabilized central-difference FDM and global RBF collocation, respectively. {Errors are computed|
against the reference optimal state y* obtained on a fine mesh of N = 40,000 nodes.

Test Problem Method L Error! Lo Error’  Gainvs FDM  Gain vs Global RBF
FDM 3.41x 1072 4.87x 1073 — —
Poisson Global RBF 874 x10™* 1.62x 1072 3.9x —
RBF-PU 1.23x107* 234 x10* 28x 7.1%
FDM 119 x 1072 2.63 x 1072 — —
Conv.-Diff. Global RBF 143 x 1072  3.11 x 1073 8.3x —
RBF-PU 267 x107% 456 x 1074 45x 5.4x%
FDM 9.32x 1072 1.71 x 1072 — —
Helmholtz Global RBF  6.58 x 10™* 1.24 x 102 14 x —
RBF-PU 1.89x107* 312x10°* 49x 3.5%

tErrors are computed against the reference optimal state y* obtained on a fine mesh of N = 40,000 nodes.

To contextualize these results: an Lo-error of order 10~ at N = 1,000 nodes corresponds

to a relative error below 0.03% of the solution amplitude across all three problems. For engis
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Exact Solution RBF-PU Numerical Solution

100 + 100
80
60

40}t

20

Figure 2: Test Problem 2 (Convection-Diffusion, ¢ = 0.01, Q = [0, 1]?): Left: exact desired state §(z,y) =
e ¥, Right: RBF-PU optimal state y*(z,y). Both panels share the colorbar scale{1.0,e?] ~ [1.0,7.4] (°C)
The RBF-PU scheme resolves the boundary-layer structure near /= 1and y = 1 without spurious oscillations or]
artificial diffusion. Lo-error = 2.67 x 10™%,

neering design purposes, where errors below 1% are typically acceptable, this level of accuracy

is more than adequate, achieved at 28 to 49 times lower error than standard second-order FDM

For Poisson’s equation, the RBF-PU Ls-error of 1.23 x 10~ represents a 28-fold improve:
ment over FDM and a 7.1-fold improvement over global RBF collocation, without any shape;
parameter tuning beyond ¢ = 0.5. For the singularly perturbed convection-diffusion prob
lem, the standard second-order central-difference FDM, without upwinding or stabilization
produces spurious oscillations whenever the mesh Péclet number Pe = ||3||h/(2¢) exceeds
unity; at N = 1,000 nodes, Pe & 31.6, accounting for the large L>-error of 2.63 x 10~2. The
RBF-PU method reduces the. Ls-error 45-fold relative to FDM and 5.4-fold relative to global
RBF, adapting naturally through its kernel-based local stencils to the boundary-layer structure
without artificial diffusion or mesh refinement. For the Helmholtz problem on the circular doy
main, FDM staircase approximation of the curved boundary introduces geometric errors that
propagate into the interior; the RBF-PU method places nodes directly on the circular boundary|
and enforces the Dirichlet condition algebraically via row replacement, yielding a 49-fold error
reduction over FDM and a 3.5-fold reduction over global RBF.

Central-difference FDM is admittedly not optimal for convection-dominated flows; stabi;
lized schemes such as first-order upwind FDM or SUPG would suppress spurious oscillations
at the cost of introducing O(h) artificial diffusion. Table 2 supplements the main results with a
first-order upwind FDM baseline for Test Problem 2. Even against this stabilized scheme, the
RBF-PU method achieves a 14.4-fold Ly-error reduction, confirming that the accuracy advan;

tage is not an artifact of the unstabilized FDM baseline
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Exact Solution RBF-PU Numerical Solution
100 . ’ ] 100 .

Figure 3: Test Problem 3 (Helmholtz, k = 2, circular domain z? +3%< 1). Left: exact desired state §(z, y) =
sin(mzx) sin(my). Right: RBF-PU optimal state y*(x,y). Both panels share the colorbar scale [—0.5,1.0]. The
circular boundary is resolved exactly (no staircase approximation). Lg-error = 1.89 x 107

Table 2: Supplementary error comparison for Test Problem 2 (convection-diffusion, Pe & 31.6).

Method Lo Error Lo Error Gain vs RBF-PU
Central FDM (unstabilized) 1.19 x 1072 2.63 x 1072 45 %
Upwind FDM (1st-order) 3.84 x 1073 7.21 x 1073 14.4x
Global RBF 1.43 x 1073 3.11 x 1073 5.4%
RBF-PU (proposed) 267 x10°* 456 <104 —

The accuracy gains are attributable to three compounding factors. First, the Gaussian kernel
yields high-order local approximations, reflected in the convergence rate of approximately 3.8
reported in Table 5, substantially exceeding the second-order rate of FDM. Second, PU blending
preserves this local accuracy globally without introducing inter-patch discontinuities. Third, for
the Helmholtz problem; RBF-PU eliminates staircase boundary errors that are unavoidable in
Cartesian FDM.

4.2 Computational Efficiency

Table 3 reports wall-clock times for all three methods at NV = 1,000 nodes. FDM is the fastest]
at this scale, owing to its highly optimized banded-matrix solver. The RBF-PU method is ap-
proximately 3x faster than global RBF collocation, reflecting the replacement of a single dense

N x N system by M small local systems each of size V; ~ 25. Run-to-run variability was

below 3% across five repeated measurements
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Table 3: Wall-clock time comparison (N = 1,000 nodes, single thread). Times are averages of five runs.

Test Problem FDM (s) Global RBF (s) RBF-PU (s)

Poisson 0.8 7.6 2.3
Conv.-Diff. 09 8.1 3.1
Helmholtz 0.7 7.9 2.9

Table 4 extends the timing comparison to N € {500, 1,000, 2,500, 5,000, 10,000} for the
Poisson problem. Because global RBF factorization scales as O(N3), wall-clock time grows
roughly eightfold each time /N doubles. The RBF-PU cost grows.roughly-linearly with NV, con;
sistent with the O(N log N)) complexity established in Section 2.3: The two methods become
comparable near N = 2,500; at N = 10,000, the global RBF solver requires approximately
324 times more execution time than RBF-PU.

Table 4: Wall-clock time (seconds) versus node count N — Poisson problem. At N = 500, domain decomposition|
overhead makes RBF-PU slightly slower than global RBF; this crossover effect disappears rapidly as IV grows [5].

N FDM (s) Global RBF (s) RBF-PU (s) Speedup (Global/PU)
500 0.4 1.0 1.2 0.8x
1000 0.8 7.6 23 3.3x
2500 2.1 118.4 5.8 20.4x
5000 43 947.2 11.7 81.0x
10000 8.9 7581.3 23.4 324.0x

Table 5 reports the Ly-error for the Poisson problem as N is successively doubled from 250
to 4000. The obseryed convergence rate, estimated by least-squares regression of log(error
against log(h) with h ~ N —1/2 "is approximately 3.8. This rate is measured for the optimal
state variable y*/only, computed against the reference solution at N = 40,000 nodes. A com;
plete a priori convergence analysis for the full optimal triple (y*, p*,u*) in Sobolev norms
remains an open theoretical question, identified as future work in Section 5. The rate of 3.8
exceeds the second-order rate of FDM and is consistent with the high-order algebraic conver;
gence reported for Gaussian RBF-PU methods [9, 29]. Although this rate falls short of the true
spectral (exponential) convergence characteristic of global RBF on very smooth problems, it
substantially outpaces second-order finite differences at equivalent node densities.

When these three tables are considered in combination: The accuracy provided is better
than each method, particularly if the number of sample points is fixed (see Table 1); Table 4

shows that the accuracy is numerically well-scaled in V; and Table 5 gives convincing evij

dence that the accuracy increases steadily and predictably with the refinement of the sample
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points. The combination of a fairly high accurate representation combined with an almost lin
ear computational complexity and a steadily converging error behavior is the main argument
for RBF-PU.

Table S: Convergence of RBF-PU with node refinement — Poisson problem. The slight decrease in convergence
rate at N = 4,000 is consistent with floating-point saturation as errors approach the double-precision floor for|
e = 0.5.

N h~ N2 Lo Error Conv. Rate

250 0.0632  4.87x 1073 -
500 0.0447 7.43 x 1074 3.71
1000 0.0316 1.23 x 107* 3.86
2000  0.0224 1.74 x 105 3.92
4000  0.0158 231 %X10° 3.74

4.3 Stability Under Perturbation

Each problem was re-solved by adding random Gaussian noise to the right-hand side vector
b of system (13) with amplitude 6 = 1072 X ||b||. Stability is assessed from two perspec;
tives: local conditioning and global perturbation sensitivity. Each local INV; x N; collocation
matrix A; has condition number below 103 throughout all experiments, since V; ~ 25 is small
and € = 0.5 is moderate. This contrasts sharply with the global RBF matrix, whose condition|
number reaches 10'°—10'2 at the same € and N = 1,000 [9, 27]. The PU localization there;
fore resolves the conditioning problem of global RBF collocation without sacrificing accuracy
Global perturbation sensitivity is quantified in Table 6.

Table 6: Stability under right-hand side perturbation (noise amplitude § = 1072 x ||b||oo). In all three cases, the
relative error amplification remains below 2%, confirming the well-conditioned nature of the local patch systems.

Test Problem L, (clean) Lo (perturbed) AL, /Ly (clean) Rel. A

Poisson 1.23x107* 125 x107* 2.39 x 104 1.6%
Conv.-Diff. 267 x107%* 270 x 1074 4.67 x 1074 1.1%
Helmholtz 1.89 x 10~* 1.92 x 1074 2.26 x 1074 1.6%
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4.4 Practical Application: Optimal Heat Source Control in a Heated Plate

4.4.1 Physical Problem Setup

To demonstrate the practical application of the new framework, we investigate an interesting
optimization problem encountered in thermal systems engineering, namely optimal control for
distributed heat source into a thin square plate. In fact this problem can directly be linked to Test
Problem 1 (Section 3.3.1), so each part of optimality system has a direct physical interpretation

Consider a thin homogeneous square plate occupying Q = [0, 1]2, with side length L =
1 m, thermal conductivity x [W/(m-K)], and linear heat loss modeled by a reaction term with|
coefficient 0. In dimensionless form, ¢ = 1 and 0 = 1. The distributed heat source u(x,y
[W/m?] represents a spatially varying electrical heater or cooling element. The steady-state
temperature distribution y(x, y) [°C] satisfies

—Ay(z,y) +oy(z,y) = f(z,y) +u(z,y) inQ=][0,1 (25
y(x,y) =0 on 98, (26

where f(x,y) is a prescribed background heat load (e.g., Joule heating) and u(z, y) is the spaj
tially distributed control input to be determined.

4.4.2 Optimal Control Formulation

The engineering objective is to find u(z, y) such that the steady-state temperature y(x, y) tracks
a target profile 7(z, y) as closely as possible, subject to an energy constraint. This is precisely
problem (14)—(15), with cost functional

J(y,u) = ;//Q [y(z,y) —z?(:c,7:/)]20133dy+;//Q [u(z,y)]” dz dy. (27

The first term measures thermal tracking error; the second penalizes total actuator power. With|

v = 1073, the target profile is

§(x,y) = sin(ra) sin(ry), (28

which exhibits a smooth bell-shaped peak of 1°C at the plate center and vanishes at the boundary.
modeling a scenario such as CPU thermal management or a chemical reactor with cooled walls
4.4.3 The Optimality System and Its Physical Interpretation

Since £L = —A + o1 is self-adjoint (£* = L), the KKT system (17)—(19) takes the transparent

form
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State equation: — Ay+y=f+u inQ, y=0o0ndQ,; (29
Adjoint equation: — Ap+p=y—gy inf), p=0ond; (30
Optimal control law: u* = —p/~. (31

The adjoint p(x,y) is interpretable as a thermal sensitivity field: it quantifies the marginal re;
duction in tracking cost achievable by perturbing the heat source at each point. Heat is added
where p < 0 (temperature below target) and removed where p > 0, with magnitude scaled by

. Substituting (31) into (29) and combining with (30) yields the reduced coupled system

Ay+y+L=f nQ (32
Y

—Ap+p—y=-y inQ, (33

with y = p = 0 on 9€). After RBF-PU discretization, this becomes the 2N x 2N block system|

K 1ir
Y
-1 K

Yn
Py,

Fn
_Yh

, (34

where K is the N x N RBF-PU discretizationmatrix of £L = —A + I. Since L* = L, the state
and adjoint matrices coincide (K, =<, = K), so.a single matrix K appears in both block
rows of (34).

4.4.4 TIterative Solution Algorithm

The decoupled fixed-point iteration proceeds as follows:
1. Initialization. Set u’= 0,k = 0.

2. State solve. Solve —Ay* + y* = f + ¥ in Q via the RBF-PU method, obtaining
temperature field 3"

3. Adjoint solve. Solve —Ap* + pF = y* — 3 in Q using the same factorized matrix K
obtaining sensitivity field p*.

4. Control update. Set u**! = —p¥ /. At convergence, the optimal control u* = —p*/~
supplies the deficit L[] — f = 272 sin(rx) sin(7y), yielding ||u*||;2 = 72 ~ 9.87 as
derived in Section 4.4.5.

5. Convergence check. Compute p* = ||ufT! — u¥|| 2/ max(||u¥|| 2, 1). If p¥ < 1076
stop; otherwise set k <— k + 1 and return to Step 2.

The convergence of this fixed-point iteration follows from the spectral radius analysis. Sub;

stituting 2¥+1 = —p* /~ into the state equation yields 2*+! = T (u*), where T = —(1/4)GL™Y
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is the composition of the solution operator £~ with the observation operator G. For the self;
adjoint, positive-definite operator £, the spectral radius satisfies p(7) = 1/(1 + YAmin) < 1|

for all v > 0 (see [28], Theorem 2.14), guaranteeing linear convergence:
[t — || < p(T)F [l = |-

For v = 1073 and A\pin ~ 72, one obtains p(7) ~ 0.9999, consistent with the 14 iterations
observed to achieve tolerance p* < 1075,

Two distinct notions of convergence arise. The first is spatial convergence of each RBF-PU
solve, governed by the fill distance h and documented in Table 5. The'second is convergence
of the outer fixed-point iteration over the control variable u, governed by p(7) < 1. These two
phenomena occur at different rates: the spatial solver converges with-one direct factorization

while the outer iteration converges geometrically across state=adjoint cycles.

4.4.5 Numerical Results and Physical Interpretation

Upon convergence in 14 iterations, the algorithm yields an optimal temperature field y*(z, y
approximating the target §(z,y) = sin(mz)sin(ry), with tracking error [|y* — §ll12(q) =
1.23 x 10, The optimal heat source u*(z,y) = —p*(2;9)/~ is concentrated in the central
region of the plate and decays smoothly toward the edges:

Since f(z,y) = sin(rz) sin(my) while L[y] = (272 + 1) sin(7x) sin(7y), the residual
Lly] — f = 2x%sin(nz)sin(my) # 0: the desired state i cannot be achieved without active
control. The optimal control must supply this deficit:

u*(z,y) ~ 2n? sin(wz) sin(my) + O(y), w2y = 72~ 9.87.

The energy cost and total cost functional at.optimality are

4
[lu” “L2 // (z59)] dxdy—( ) %:%%24.35, (35
J(y*u*) =%llyt — gl + §Hu 12,
1 -3
~ %(2.05 X 1074)2 + 07(24.35) ~1.22x 1078, (36

This optimal cost is several orders of magnitude below the uncontrolled value J(0,0) =
%”?3“%2(9) ~ 0.125, confirming that the optimal control drives the temperature to the target
with minimal energy expenditure.

The structural efficiency of the RBF-PU framework is particularly beneficial here: since
state and adjoint equations involve the same matrix K, a single O(N log N) factorization is

sufficient for the entire iterative procedure, and each subsequent state or adjoint solve requires|

only O(N) sparse back-substitution
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five orders of magnitude.

4.4.6 Sensitivity to the Regularization Parameter

Table 7 shows how tracking error, control energy, total cost, and iteration count vary as -y spans

Table 7: Effect of regularization parameter «y on tracking error, control energy, total cost, and iteration count. Bold
row corresponds to the value v = 1072 used in all other experiments.

¥ ly* — 9l [[w |l 2 J(y*,uw")  Iterations
107° 2.05x107% 9.87x107° ~2.1 x 10712 9
1074 2.05x107° 3.12x107% ~2.1x 10710 11
1073 205x107* 987x1073 ~21x10°8 13
1072 2.05x 1073 3.12x1072 ~2.1x 1076 16
1071 2.05x 1072 9.87x 1072/ ~21 x107* 19

As y decreases by one decade, ||u*|| 72 increases by a factor of approximately 3.2, consistent
with the theoretical square-root scaling [|u*|| oc 47 1/2. This scaling arises from the optimality
condition u* = —p*/~ combined with the fact that ||p*|itself scales as /2 in the near-optimal
regime. The naive 1/~ amplification would hold only if p* were independent of ~y, which i
not the case in the coupled optimality system. The tracking error decreases proportionally as ~y
decreases; the total cost J(y*, u*) decreases monotonically toward zero; and the iteration count
increases modestly, reflecting the growing ill-conditioning of the coupled system (32)—(33) as
the 1/~ coupling term is amplified. The value y = 10~2 provides a well-balanced compromise

between tracking fidelity and energy efficiency and is used in all other experiments.

5 Conclusions, Limitations, and Future Work

This paper developed and validated a localized RBF-PU computational framework for elliptic
PDEs and PDE-constrained distributed optimal control. With NV = 1,000 nodes, the proposed
method achieves L?-norm errors of order 10~# across all three benchmark problems, represent:
ing 28- to 49-fold improvements over unstabilized central-difference FDM and 3.5- to 7.1-fold
improvements over global RBF collocation. The method maintains O(N log V) computational
complexity and relative perturbation sensitivity below 2%. Being meshfree distinguishes the
proposed approach from grid-dependent methods such as FDM and FEM, and allows complex|

geometries — including the circular domain of Test Problem 3 (Section 3.3.3) — to be repre;

sented exactly rather than through staircase approximation
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Summary of findings. At N = 1,000 nodes, the RBF-PU method consistently outperformed
FDM (28 x—49x) and global RBF collocation (3.5x-7.1x), with significant gains for the sin;
gularly perturbed convection-diffusion equation (Section 3.3.2) and the Helmholtz equation on
the circular domain (Section 3.3.3), both requiring careful treatment of boundary layers and
curved geometries, respectively. At N = 1,000 the RBF-PU method was approximately 3x
faster than global RBF collocation; this gap widens rapidly with increasing N, as confirmed
by Table 4. Perturbation experiments showed relative error amplification below 2% in all three
problems (Table 6). The engineering case study of Section 4.4 demonstrated that state and ad
joint equations share the same RBF-PU matrix K, enabling a single factorization to serve the

entire iterative optimal control procedure.

Limitations. All benchmark problems assume sufficiently smooth exact solutions, so the ability|
of RBF-PU to handle discontinuous coefficients, material interfaces, or singularities remains
unstudied. Polyharmonic spline kernels augmented with polynomial terms may outperform|
Gaussian kernels [24], but their behavior in an optimal control context is underinvestigated [§]
The present work is limited to steady-state problems; extending the framework to parabolic and
hyperbolic PDEs under finite-horizon control requires backward-in-time adjoint integration, in-
troducing additional stability and time-discretization challenges, which are further compounded
in fractional-order systems by the non-local character of Caputo and Riemann—Liouville deriva;
tives [19]. The shape parameter /= 0.5 was selected empirically rather than by systematic
procedures such as leave-one-out cross-validation [6] or Richardson extrapolation-based diag:
nostics [9]. Finally, the Mathematica implementation is primarily intended for research; for]
large-scale problems with N > 10, a C** implementation with a parallel sparse solver would

likely be necessary.

\Future work. The developed RBF-PU optimal control technique can potentially be extended to
time-fractional PDE-constrained problems, building on the authors’ previous work [22, 21] and
on the study of distributed-order fractional systems by Biranvand and Ebrahimijahan [3]. The
results of Ma and Imin [18], where meshless methods achieved errors of approximately 10~°
for time-fractional diffusion and wave equations, suggest that a similar accuracy level may be
attainable for fractional optimal control. The D-RBF-PU formulation of Mirzaei [20] may also
be incorporated, since it avoids differentiating PU weight functions during assembly, though
its effect on adjoint discretization convergence requires further investigation. From a theoret;
ical perspective, rigorous a priori error estimates for the full optimal control triple (y*, p*, u*
in terms of the patch radius and nodal fill distance would provide a clearer understanding of]
the relationship between approximation parameters and control accuracy. Finally, coupling the
RBF-PU framework with metaheuristic or reinforcement learning optimization algorithms war;

rants investigation, enabling the solution of non-convex optimal control problems arising in

multi-objective design, topology optimization, and parameter identification
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