Received: xxx Accepted: xxx Published: xxx.

DOI: 10.30473/coam.2026.77751.1406

Volume xxx, Issue xxx, p.p. 1-24: xxx

Research Article Open
Access

Control and Optimization in
Applied Mathematics - COAM

Balanced Pythagorean Fuzzy Superhypergraphs with an Illustrative
Application to Hypernetwork Modeling

Mohammad Hamidi ><", Shohreh Shirani Nazhvani

' Department of Mathematics, | Abstract. Complex hypernetworks are important in real-world
Payame  Noor  University, | problems, and their regularity and balance are particularly significant;
Tehran, Iran hence, suitable mathematical tools are needed. In this regard, this paper
introduces the notion of refined Pythagorean fuzzy superhypergraphs
(RPFSs) on an arbitrary non-empty set, for the clustering of complex
P< Correspondence: hypernetworks. We introduce the complement of an RPFS, classify

Mohammad Hamidi RPFSs as complementary, self-complementary, complete, and regular,

E-mail_: ) ) and investigate their fundamental properties. The notion of isomorphic
n-hamidi@pnu.ac.ir RPFSs is established, which leads to self-complementary RPFSs, and
conditions under which an RPFS is self-complementary are considered.
For any RPFS, we introduce density measures for Pythagorean fuzzy
links and Pythagorean fuzzy superedges, which serve as measures
of coherence for hypernetworks, and we analyze these measures for
constant complete and self-complementary RPFSs. The notions of
Pythagorean fuzzy link-degree and superedge-degree are established,
yielding positive regular hyperstructures whose densities are computed.
How to Cite Finally, balanced RPFSs are introduced, characterized via density, and

Hamidi, M., Shirani Nazhvani,'S.1 analyzed under isomorphism.
(2027).  “Balanced Pythagorean
fuzzy  superhypergraphs, with
an illustrative  application nto
hypernetwork modeling”. Control

and  Optimization \ in  Applied|] Keywords. k-density, (r, s)-regular RPFS, self-complementary RPFS,

Mathematics, = X(x), 1-24.1 (¢, ¢')-constant RPFS, balanced RPFS.
https://Jdedmens/10 . 30298/
coam.2@26. 777511206 MSC. 03E72; 05C72; 05C65.

https://mathigo.journals.pnu.ac ir

©2026 by the authors. Lisensee PNU, Tehran, Iran. This article is an open access article distributed
under the terms and conditions of the Creative Commons Attribution 4.0 International (CC BY4.0)



https://mathco.journals.pnu.ac.ir/article_13450.html
https://orcid.org/0000-0002-8686-6942
https://orcid.org/0009-0000-0256-9493
https://doi.org/10.30473/coam.2026.77751.1406
https://doi.org/10.30473/coam.2026.77751.1406

2 Balanced Pythagorean Fuzzy Superhypergraphs

1 Introduction

A fuzzy graph, as a generalization of a graph, is a mathematical tool for modeling real data in|
complex networks [22]. Fuzzy graphs now have many real-world applications, and numerous
researchers work in this area [16, 17, 18, 19, 23]. A superhypergraph is a tool for connect;
ing real data in a clustered and grouped form and is therefore of great importance today. This
concept generalizes graphs by connecting more than two elements simultaneously, and it is
mainly used for problems that involve group connections. Notable contributions in this direc;
tion include the studies of Hamidi et al. on the spectrum of superhypergraphs, on valued fuzzy
superhypergraphs, and on the domination number of superhypergraphs [12, 13, 14]. In com;
plex hypernetworks, connectivity is not the only important criterion: the type of a connection|
and its value and size also have a strong effect. Consequently, various kinds of fuzzy subsets
have been introduced, including Pythagorean fuzzy subsets (PFSs). PFSs, introduced by Yager
[25], have successfully addressed imprecision.in graph theory, and they now have applications
in many branches of mathematics, as in [1, 2,3, 4, 7,9, 10, 24].

Related Work. The density of a graph reflects the pattern of connections in the whole net;
work. As networks grow rapidly, problems on them become increasingly uncertain, so balancy
ing a network is an important issue. Acgraph is called balanced if the density of each of its
subgraphs does not exceed the density of'the graph itself. In the fuzzy setting, Al-Hawary et
al. introduced balanced fuzzy graphs and studied some operations on fuzzy graphs [5, 6]. As a
generalization of balanced fuzzy graphs, Karunambigai et al. introduced balanced intuitionistic
fuzzy graphs and presented some of their properties [15]. Picture fuzzy graphs are an extension|
of intuitionistic fuzzy graphs; and the balanced picture fuzzy graph, a special type of picture
fuzzy graph, was introduced by Amanathulla et al. [8].

Motivation. In today’s'world, collective communication plays a major role in solving the
problems we face. Therefore, a mathematical tool that can model such problems and solve them|
on the basis of the resulting model is of great importance. Our motivation is to create a mathes
matical model that can'examine collective communication, individual communication, and the
communication of a component within the whole set, using the information of a given problem
Although fuzzy graphs are useful for designing complex networks, they can examine the effect
of only two'elements at a time and cannot capture the overlap of more than two elements simulta
neously. Fuzzy superhypergraphs were therefore proposed to address this need. Graph density
is important because it quantifies the overall connectivity and coherence of a network and dis;
tinguishes sparse structures from highly interconnected ones in real-world systems. In fuzzy
graphs, density extends classical connectivity by including the membership values of vertices
and edges, which provides a robust measure of overall structural coherence under uncertainty

Its primary importance lies in defining balanced fuzzy graphs, in which no subgraph is dispro;

portionately dense. Considering the importance of superhypergraphs and Pythagorean fuzzy




Hamidi et al. 3

concepts, in this study we aim to diagnose properly the coherence or dispersion/of grouped and
clustered data in order to support optimal decision making. To this end, we extend the notions of
balanced fuzzy, intuitionistic fuzzy, and picture fuzzy graphs, which are used for complex net;
works, to balanced refined Pythagorean fuzzy superhypergraphs (RPFSs), and we apply them
to complex hypernetworks.

Contributions and Organization. We combine the concepts of superhypergraphs and
Pythagorean fuzzy subsets to design a purposeful complex hypernetwork. The notion of an
RPFS is introduced on an arbitrary non-empty set, together with the complement of an RPFS
Complete, (c, ¢’)-constant, and regular RPFSs are introduced and investigated. The concept of]
isomorphic RPFSs is presented, and self-complementary RPFSs are analyzed. For every k € N
and every RPFS, we introduce the k-density of Pythagorean fuzzy links, of Pythagorean fuzzy|
superedges, and of the RPFS itself. We investigate the k-density of (¢, ¢’)-constant complete
RPFSs and of self-complementary RPFSs. The Pythagorean fuzzy link-degree and superedge;
degree of a vertex are introduced, and the coneept of an (7, s)-regular RPFS is defined for
r,s € R. We then compute the k-density of (r, s)-regular RPFSs and investigate its properties
Finally, we consider an arbitrary RPFS, introduce its Pythagorean fuzzy subsuperhypergraphs
and study the relation between the subsuperhypergraphs of isomorphic RPFSs. The notion of
a balanced RPFS is presented via the density of its Pythagorean fuzzy subsuperhypergraphs
isomorphic balanced RPFSs are analyzed, and a class of balanced RPFSs is introduced.

The remainder of this paper is organized as follows. Section 2 recalls the basic definitions
Section 3 introduces RPFSs and studies their complements, complete and constant RPFSs, and
isomorphism. Section 4 defines the k-density and the regularity of RPFSs, and introduces
balanced RPFSs. Section 5 concludes the paper.

2 Preliminaries

Throughout the paper, X denotesa non-empty set, FS(X') denotes the set of all fuzzy subsets
of X, and PFS(X) denotes the set of all Pythagorean fuzzy subsets (PFSs) of X. This section

recalls the basic definitions used in the sequel.
Definition 1. ‘A fuzzy subset of X [20] is a membership function p: X — [0, 1].

Definition 2. A Pythagorean fuzzy subset (PFS) of X [25] is an ordered pair P = (up, vp) of
fuzzy subsetsof X satisfying the Pythagorean inequality pp(x)? + vp(x)? < 1forallz € X

Definition 3. A Pythagorean fuzzy graph (PFG) on X [21] is an ordered pair of PFSs that
satisfy the fuzzy graph and anti-fuzzy graph relations.

Definition 4. Let X = () [12]
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(i) A quasi-superhypergraph (QSH) on X is a system of supervertices S; and links ¢; ;: S; —
S; such that the supervertices cover X, that is, | J; S; = X.

(i) A QSH on X is called a superhypergraph (SH) if every supervertex islinked to another
supervertex.

Definition 5. For a PFS P = (up,vp) on X, the support of P is
P*={z e X |pup(x)>0, vp(x) <1}
The support of a family of PFSs is the family of the supports of its members.

Definition 6. Let V = {P; = (up,vp)}iy, € = {Qij = (HQ,;, Qi) }i 51, and D =
{R; = (ur,,vr,;)}, be finite families of non-trivial PFSs of X. Theh H = (V,&,D) is a
Pythagorean fuzzy quasi-superhypergraph (PFQS) on X [11]if X = |J;_, P/ and

(i) forall zy € R},

KR; (xy) < min{,upi (x)v Kp; (y)},
VR; (a:y) > Il’laX{Vpi (1‘), vp; (y)}7

(ii) forall zy € Q

*
172

where w(P;) = Y 2p- (1p,(2) + vp,(2)). We call V the Pythagorean fuzzy supervertices, £
the Pythagorean fuzzy Zsuperedges, and D the Pythagorean fuzzy links. APFQS H = (V, &, D
on X is called a Pythagorean fuzzy superhypergraph (PFSh) on X if |V| < |€] and |R}| > 1 for
every 1 <i < d. A'PFShis called soft if w(P;) < 1 for every 1 < i < v, rough if w(P;) > 1
for every 1. < i < v, and smooth if w(P;) = 1 forevery 1 < i < v. APFQS is called coverable
if every member of £,is an onto map and

and similarly for Q;;
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3 Refined Pythagorean Fuzzy Superhypergraphs

In this section, we introduce the notion of a refined Pythagorean fuzzy superhypergraph (RPFS
on an arbitrary non-empty set and the complement of an RPFS. Complete and (¢;¢’)-constant]
RPFSs are introduced, and their properties are investigated. The concept of isomorphic RPFSs
is also presented, and self-complementary RPFSs are analyzed. From now on, X is anon-empty|
set with | X'| > 1, and supports are understood in the sense of Definition 5.

Definition 7. Let ) = {B = (Mpi, I/pi)}zpzl, E= {Ql] = (uQij, VQij)}f,jzl’ and D = {Rl =
LR, VR, )}, be finite families of non-trivial PFSs of X. Then H. = (V, &, D) is a refined
Pythagorean fuzzy superhypergraph (RPFS) on X if X = J/_, P, PN Pf = () foralli # j
and

(i) forall zy € R},

pr, (zy) < minfpp (@), 1p, (y)},
VR; (scy) > maX{VPi (fL‘)7 L (y)}7
(i) forallzy € Q7;,
HQ;; (xy) < min{upi (l’), up; (y)}7
VQ,; (xy) > maX{VPi (.%‘), Vp; (y)}

For 1 < i < v with |P}| > 2, werequire |Pf| — 1 < |R}| < (‘Pg‘). In addition, for every 1 <
i < v there must exist some 1 /< j < v such that ij C P x P;‘ or Q}'fi C P;‘ xPr If|V| =1
the RPFS is called singleton. We call V the Pythagorean fuzzy supervertices, £ the Pythagorean
fuzzy superedges, and D the Pythagorean fuzzy links, and we write H* = (V*, £*, D*) for the
support of H.

From now on, we consider only non-singleton RPFSs.

Example 1. Let X = {p; ?:1 be the students of a school, who belong to three classes P;
P>, and P;. The students.want to carry out a group project for the academic progress of]
their school: Each student p; is identified by two characteristics, intelligence and persever;
ance, and is written (p;, intelligence, perseverance). The relation between two students p;
and p; of the same class is identified by two characteristics, understanding and cooperation
and is written (pjp;, understanding, cooperation). A student p; of one class can be linked
to a student p; of another class by two characteristics, interaction and competition, written

pipj, interaction, competition). The collected information is represented by the RPFS H shown|

in Figurel
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P, P,

Py

P,(0.1,0.2) (0.1,0.6) P4(0.4,0.5) (0.3,0.9) P;(050.7)
,"/, cH S
ZON P2(0.2,03) (0.1,0.7) "N Ps(0.5,0.6) (0.4,0.82) Py(05,08) /&

@, o
> 4
/'/,,< / (0.2,0.8) \ %{ } (0.5,0.8) \ :)&0
4
5 Po(0.9,0.1)

P3(0.3,0.4) P(0.6,0.7)

Figure 1: A complex hypernetwork model of the school in Example 1.

Definition 8. Let H = (V,£, D) be an RPFS on X. Then H is called complete if

(1) forall z,y € P;,
KR; (a:y) = min{:u’Pi (.’L’), K P; <y)}7

VR; (xy) = maX{VPi (x)a Vp; (y)}a

(if) forallz € P and y € P;,
1Q,; (zy) = min{sep, (@), 1ep, ()},

VQ,; (wy) = maX{l/Pi (z), vp; (y)}
A complete RPFS is denoted by K| x|+ Indeed, items (i) and (ii) imply that
§ |X| ‘

1<i;j<e
Example 2. Let X = {p; ?:1. Then H is-a complete RPFS on X, as shown in Figure 2.

Py Py
0505, P
P,(0.9,0.1
& ) 0.7,0.3) @ (05,05) P5(0.5,0.5)
0,
R 040 - e
Q I~ 04 > <
S = " 3
S 03) @ g s
= @7 504 = S
(0.604)
P,(0.8,0.2) P,(0.6,0.4) (0.4,0.7) P4(0.4,0.7)
(05,05)
040.7)

Figure 2: A complete RPFS on X = {p;}5_;.

Definition 9. An RPFS H = (V, £, D) is called (¢, ’)-constant if
V= {PZ = (MPwVPi) = (Cv C,) ;’):17
&= {QU = (MQij’VQij) = (c, CI)}ijZlv
D= {RZ = (/"LRNVR'L) = (C, c/)}?zlv

wherewe, € R and 2 + %2 < 1
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P,(09,0.1)

Py

(090.1) m

©901

(0.9,0.1)

Py

P5(0.9,0.1)

©9,04)

9 Y B
©22 ) )
(09,0.1)

201

(09,0

P(09.0.1)

(09,01)

6(0.9,0.1)

(090.1)

Figure 3: A (c, ¢’)-constant complete RPFS on X = {p;}%_,.

Example 3. Let X = {p;}¢_,. Then H is a complete RPFS on X that is (¢, ¢’)-constant, as

shown in Figure 3.

Definition 10. Let H = (V,£,D) be an RPFS on X. The complement of H is H¢ =
Ve, ¢, D), defined as follows:

(i) fora € PY, (1, (2), v, (2)) = (1 —wp@). 1 — up (@)
(i) for zy € P} x P, (ug (xy),vg, (zy)) = (1 — vrp(ay), 1 — pr,(zy));
(iii) forzy € B x P, (“CQM (zy), o, (zy)) =(1 — v, (zy), 1 — po,, (zy)).
By Definition 10, we have the following lemma.

Lemma 1. Let H = (V,£,D) be an RPES on X. Then (P?)* = Pf, (R{)" = R}

~, and

fj)* = Z
Proof. For x € X, we have u, () > 0and vp (z) < lifand only if 1 — vp,(z) > 0 and
1 — pup,(x) < 1, thatis, if and'only if vp,(z) < 1 and pp, (z) > 0. The same argument applies
to R; and sz L]

Example 4. Consider the RPFS I in Figure 1, and let p, € P3 be a student with

(py(pa), ve, (pa)) = (0.2,0.2).
Then
(L~ vp(pa)* + (1= pps(pa))* = 1.28 > 1,
so Py is not:a PFS. Thus, [ is not an RPFS.
Example 4 shows that the complement of an RPFS on X is not necessarily an RPFS on

X. For'J C [0,1]2, we write H|; for an RPFS H with V = {P; = (up,,vp,)}?_; such that
(1p,(@),vp,(z)) € J forevery z € X andevery 1 < i <.

Definition 11. An RPFS H on X is called complementary if there exists J C [0, 1)? such that
H| ;)¢ isan RPFS
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Theorem 1. Let X # (). Then there exists a subset J C [0, 1]? such that, if H|; is an RPFS on
X, then (H| ;)¢ is an RPFS.

Proof. Let H = (V,£,D)beanRPFS on X and letxy € R}. Since H isan RPFS, Definition 7,

gives

pg, (xy) =1 —vpg,(zy) <1 —max{vp,(z),vp,(y)}

=min{l — vp,(2), 1 —vp,(y)} = min{up (2), up, (y)},
Vi (xy) =1 = pg(xy) > 1 —min{pp, (), pp, (y)}

= max{1 — pp, (), 1 — pp,(y)} = max{vp, (z);vp, (y)}.

Similarly, for zy € Q;; we obtain
G, (2y) < min{pi, (@), 1, (y)} and v, (ay) > maxfu, (o), v, (4)}.

By Definition 10, H¢ is therefore an RPFS provided that V< = {Pf}I”,, £¢ = {Qf;}{ ;>,, and
D¢ = {R¢ le are finite families of non-trivial PFSs of X.
Letz € (Pf)". Then up, (z)% + vp, (z)%.< 1 holds if and only if (1 — I/pi(ll,‘))Q +(1-
/uoi(:c))2 < 1. Puta; = pp(x) and b; = vp,(x); 80 a;,b; € [0,1]. Since H is an RPFS

a? + bf < 1. Hence we must solve the system of inequalities

a? + b3 < 1,
(ai — 1)2 + (bZ — 1)2 <1.

Clearly, its solution set is theregion .J; shown in Figure 4. In the same way, £¢ and D¢ consist

Figure 4: Theregion J1 = {({,n) |1 — /1 - (£ —1)2<n</1-€ &nel0,1]}.

of PFSs of X if the membership pairs of the superedges and of the links lie in suitable regions
Jo and Js, respectively, obtained by the same computation. Hence, there exists a subset J =
J1N Jo N J3 € [0,1]2 such that (H| ;)¢ is an RPFS. O

Corollary 1. Let H|; be an RPFS on X with J = {(a,b) | a + b = 1}. Then H€ is an RPFS
on X (see Figure 5).
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o

(1,0)

Figure 5: The region J = {(a,b) | b =1 —a}.

Definition 12. Let H = (V,£,D) and H' = (V', &', D’) be RPESs on X and X', respectively,
Then H and H' are isomorphic, denoted H = H', if there exists a bijection ¢: X — X’ such
that

(i) forevery @ € PY, (jup, (), v (2)) = (9(2)). vp: ((2)));

(i) forevery zy € Pf x P, (ur,(zy), vr,(#9)) = (kr (p(2)0(v)), vr: (9(2)9(v)));
(iii) for every zy € P x P}, (g, (vy), v, (@y)) = (o), (¢(@)e(y)), v, (v(x)¢(1))).
Definition 13. An RPFS H = (V, £, D)/on X is called self-complementary if H = H€.

Theorem 2. Let H = (V, £, D) be aself-complementary RPFS on X. Then

)
VI
Z Z :U’Pi(x)
=1 zeP}
4
+Z Z vp,(z) = |X],
i=1 zeP?
(ii)
D

S pri(ay)

1=1 zyeP*x P}
D]
+ Z Z VR, (2Y)
i=1 zye P} x P}
D

=> |Prx Py
=1

)

(iii)
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S n,lay)

Qi €€ xYye Py XP]?‘

+ Z Z VQ.; (zy)

Qi; €€ zyeP) X P}

= > |prxpyl.

Qij€5

\Proof. (i) Since H is self-complementary, there exists an isomorphism ¢: H — H€¢ Let
1 < i < |V|. Using Lemma 1 and the fact that ¢ is a bijection (by Definition 12(i) and
Lemma 1, ¢ maps the finite set P injectively into (PF)* = P, hence onto P;*), we obtain

ST oun@) = wh(e@) = S - vp(e@)

zEP; zEP} zeP;
=P/ = Y vrle(@) = [P = up ().
cEP; ze Py
Hence, ), cp« pp, (%) + Y cps vp(7) = |P;|. Summing over i and using that the supports
P* are pairwise disjoint with union X (Definition 7), we obtain ZLZ‘I |P*| = | X/, which is
item (i).

(ii) Let 1 < ¢ < |D|. Then, since ¢ is a bijection,

Yo omr(y) = D Hgle@ew) =Y (1-vr(e@)ey)

TyeP! x P} Ty P X P TYEP! X P
=B x P, D vr(ay).
TyeP! X P
Hence, ZI?/EP?XPZ pr, (zTy) + nyepi*xpi* vg,(zy) = |Pf x Pf|. Summing over i =
1,...,|D] gives item (ii).

(iii) The proofis similar to that of (ii): for each ();; € £ one obtains ) ryeP? x P ( 1Q,; (Ty)
i J
vQ:; (ry)) = [P x P|, and summing over Q;; € & gives item (iii). O

4 Valued Density of Pythagorean Fuzzy Superhypergraphs

In this section, for every k£ € N and every RPFS H, we introduce the k-density of Pythagorean
fuzzy links; the k-density of Pythagorean fuzzy superedges, and the k-density of H. We invess
tigate the k-density of (¢, ¢')-constant complete RPFSs and of self-complementary RPFSs. The
Pythagorean fuzzy link-degree and superedge-degree of a vertex of an RPFS are introduced
which leads to the concept of (r, s)-regular RPFSs for r,s € R. Finally, we compute the &

density of (r, s)-regular RPFSs and investigate their properties
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Definition 14. Let H = (V,£,D) be an RPFS on X and let & € N. The k-density of the
\Pythagorean fuzzy links D is
d
« k Zi:l nyeR’f HR; (l’y)
D*(H,D) = i ‘
Zz’:l ZzyeRf (/’LPi(x) A Hp; (y))

)

kY (
Zizl Z:cyGR;‘ VR; (:Ey) >
S Yager: (vr @) Ver@)) )
the k-density of the Pythagorean fuzzy superedges & is
EQU cg nyeQ;j (NPi () A K P; (y)) ’ o

k ZQU ce Zzyngj vQy(xy)
ZQ” ce nyeQ;“j (vp,(z) v vp; (v)) )

and the k-density of H is the pair D*(H) = (D*(H,D), D*(H,£)).

Remark 1. Let H = (V,£,D) be an RPFS/on X, let k € N, and let o, 3 € RZ°. The

importance of the number k& is that, in order to increase or decrease the k-density of the
Pythagorean fuzzy links to a desired value (e 3), we solve the inequality D*(H, D) > («, 8
or D*(H,D) < (a, f3), respectively. The same applies to the k-density of the Pythagorean
fuzzy superedges. Here, (r,s) < (a, 8) means r < @and s < S3.

Example 5. (i) Consider the complex hypernetwork H in Figure 1. Computations show that

1 41 16k 462k
ik775k>a D*(va): <777)
22 ° 360 21 7 400

15k 415k 16k 462k
)= (5w ) (ot a0 )
(H) 22 7 360 21~ 400
Assume that k is the impact factor of the school staff’s assistance, that (a, ) = (1, 3), and that

we want D*(H, D) < (, 3). Then (£ 415%) < (1 3) and so k = 1. Hence, (33, 413) is

the density of the Pythagorean fuzzy links with respect to (cv, 3).
(ii) Consider the complete RPFS in Example 2 (Figure 2). Then D*(H) = ((k, k), (k, k))

D*(H,D) = (

Forz,y € X,ifzy ¢ R} we set up,(zy) = vg,(zy) = 0, and if 2y ¢ Qj; we set
1Q;; (ry) = v@,; (zy) = 0. With this convention, we have the following result.

Corollary 2. Let H = (V,£,D) be an RPFS on X. Then
(@)
k Zx,yeX HR; (xy)
Z 7yeX(/“[/P( )/\MP

kZmyeXyR :Ey j
M V(VD(T) yp(m ]

=T, gEX N

D*(H,D) = (
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(i1)
kD yex HQi; (Ty)
e yex (1 (@) A ppy (y))
kD e yex VQi; (y) )
Zx,yeX (VPz' (z) vV vp, (y)) '

In the following, we investigate the k-density of (¢, ¢’)-constant complete RPFSs.

Y

D*(H,&) = (

Theorem 3. Let H = (V, &, D) be a (¢, ¢)-constant complete RPES on X. Then
(i) D*(H,D) = D*(H,¢&) = (k, k),
(ii)y D*(H) = ((k, k), (k,k)).

Proof. (i) Since H is a (¢, ¢)-constant complete RPFS on X, for all zy € P x P; we have
pr, (zy) = min{up, (x), up,(y)} = c andwp, (ry) = max{vp,(x),vp, (y)} = . Hence, by
(1),

D*(H,D) — (k Z?:l nyeR; (MP () A pp, (y))
7 sz 1 Z:}:yER* (:u’Pz( ) N [P, (y))
kZz IZzyER* (VP( )\/VP (y))> (l{:,k)
Zi:l nyGR;‘ (VP \/ VP ))

In the same way, (2) gives D*(H, &) = (k, k).
(i1) This follows immediately from (). O

Example 6. Consider the (0.5, 0.7)-constant RPFS H on X shown in Figure 3. Then D*(H ) =
((k, k), (k, k).

Theorem 4. Let H = (V, €, D) be a self-complementary RPFS on X. Then
(i) D*(H®,D°) = D*(H,D);
(i) D*(H¢,E°) = D*(H,E).
\Proof. (i) Since H is self-complementary, there exists an isomorphism ¢: H — H¢. Using

Lemma 1, Definition 12, Definition 10, and the fact that ¢ is a bijection, the first component of
D*(H, D) satisfies

k 2?21 ZzyeR; 1R (2y) k Zz 1 ZzyeR KR, (p(z)p(y))

S Yagen: (r @) App () X S yen: (15, (0(@)) A s (2(v)))

BRI m((l—l/p(w(:c)ﬂ (1= vp (p(y)))

Z=i=1 Z=rTy€it,;
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d

B ke nyeR;* (1= vr,(2y))
~ d

Yot Yyer: (L= vp (@) A (1= vp(1)))

d
_ k)i nyeR;f IR, (zy)
d )

Zi:l Z:cyERf (/'LCPl (l‘) N 1“331 (y))
which is the first component of D*(H¢, D¢). The second components are treated in the same
way, using ¢ = 1 — p and replacing A by V. Hence, D*(H¢, D) = D*(H, D).
(ii) Similarly, using (2), we obtain D*(H¢, £¢) = D*(H, E), O

Corollary 3. Let H = (V,&,D) be a self-complementary RPFS on X . Then D*(H¢) =
D*(H).

Definition 15. Let H = (V, £, D) be an RPFS on X and let € Pyf. The Pythagorean fuzzy
link-degree and the Pythagorean fuzzy superedge-degree of x are defined, respectively, by

deg),(z) = (deg(z, V, up,)sdeg(z,V, vp,))
= ( pney), > ()
yeX, y#T yeX, y#z
degg (z (deg(:v & pp,), deg(z,&,vp,))

I
/N

HQ;; xy) Z VQ;; (:Cy))

yeX, yix yeX, y#z

In addition, deg(H) = >_, . y (deg), () + degg()) is called the degree of H.

Example 7. For the RPFS H in Figure 1, one can see that degy,(ps) = (0.3,0.7) and
dege(ps) = (0.4, 1.5).

Definition 16. Let H = (V,€, D) be an RPFS on X and let 7,5 € R>?. We say that H is
r, s)-regular if degy,(xz) =/degg(x) = (r,s) forall z € X.

Example 8. Consider the RPFS H in Figure 6. Then H is (0.2,0.7)-regular.

P,

(0.1,0.3) P3(0.5,02)

@1y,

(0.2,0.7)

(0.2,0.7) P,(0.6,03)

Figure 6: A (0.2,0.7)-regular RPFS.
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Let H = (V,€,D) be an (r, s)-regular RPFS on X. For 1 < i < dand @;; € £, put

ai= Y (up(@) Aur(y), Bi= 3 (ve(2) v upy),
Tye Ry TyER}

vii= > (up(@) App,(y), =Y. (vilz) V).
TYEQy; ryeQy;

'We then have the following result.

Theorem 5. Let H = (V,&,D) be an (r, s)-regular RPFS on X, and let ¢,# > 0 be the
constants such that, for all ¢ and 7,

Z pr, (zy) = 1t, Z vR,(zy) = st,
TyeR} TyeR;

Z HQ; (zy) = rt’, Z VQ.; (zy) = st'.
TY€Qj; ryeQs;

Then

. kdrt kdst kert kest
D*(H) = ( d '~ )’< o 5..) :
Zz‘:1 (€7} 21:1 Bi EQUEE Vij EQ@E?Z ]

Proof. Since H is (r, s)-regular, (1) gives

D*(H,D) = Ryt Ry st [ kdrt  kdst
’ Egzl g Zf:l Bi Zle i Zle Bi )

In the same way, (2) gives

O

/ /
D*(H,E):( kert kest >

Yo, ee Vi 2oqiyee O
Example 9. Consider the RPFS H in Figure 7. Computations show that H is (0.4, 0.8)-regular

Figure 7: A (0.4, 0.8)-regular RPFS.

B 16k 32k 16k 32k
)G 77))

o) =(( 55 ) (5 77

wheret = 2 and t =4
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4.1 Balanced Pythagorean Fuzzy Superhypergraphs

In this subsection, we consider an arbitrary RPFS H and introduce its Pythagorean fuzzy sub;
superhypergraphs. We present the notion of a balanced RPFS via the valued density of its
subsuperhypergraphs and analyze isomorphic balanced RPFSs. Finally, we introduce a class
of balanced RPFSs.

Definition 17. Let H = (V,&, D) be an RPFS on X, where V = {P;}l_;, £ = {Qi;}{ ;>
and D = {R;}%,, and let G = (U, F,C) be an RPFS on a non-empty subset W C X, called
the underlying set of G, where U = {U; = (uu,, vu,) Hiy, F={Fij = (upij,ypij)}fijzp and
C ={Ci = (uc,,vc;) }¥s_q. Then G is called a Pythagorean fuzzy subsuperhypergraph of H
denoted G <, H, if

(1) u <vand U] C P; for every i;

(2) forevery x € U}, py,(x) < pp,(x) and vp (@) < vy, (z);

(3) forevery zy € CF, uc,(zy) < pg,(zy) and vg, (zy) < ve, (zy);
(4) forevery zy € 5, i, (zy) < g, (ay) andvg, (ry) < vr,;(zy).

Example 10. Consider the complex hypernetwork /1 in Figure 1. Suppose that the students of
two classes want to carry out a group. project, represented by G in Figure 8, for the academic

progress of their school. Then G is a Pythagorean fuzzy subsuperhypergraph of H.

Py P

(0.1,0.5)

r((_')
0.1,04) [ %)

@,
(0.1,0.7) )

P,(0.1,0.2) P,(0.3,0.1)

P,(0.1,0.3) P5(0.4,0.4)

=/
P4(0.1,03) P,(0.5,0.6)

Figure 8: A Pythagorean fuzzy subsuperhypergraph G of H.

Let H = (V,€,D).and H = (V',&',D') be RPFSs on X and X', respectively, and
let : X=X’ be a bijection. If G’ = (U',F',C") < H', we define p~1(G') =
(1), ¢~ (F), 971(C)), Where

ul

e U) = {7 U) = (np-r w1y V1) Yoy

!/
o NF) = Lo FL) = (s ppr ys Vi )}
2 AT VA AT DA N P |
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c/

e HC) = {eHC) = (mp-1(cty Vor(c) Yot

that is, p,-1 7y (2) = pyr(e(z)) and v,-1 7y (2) = vy ((z)), and analogously for F; and
C!, with zy evaluated at o(x)p(y).

Theorem 6. Let H = (V,£,D) and H' = (V', £, D) be RPFSs on X and X', respectively.

and let ¢: X — X' be an isomorphism. If G’ <g;, H' with underlying set W/ C X', then
0 1(G") <qw H with underlying set o~ (W’) C X.

Proof. Since () # W' C X', wehave ) # ¢~ 1(W’') C X,and @ L(U'), o~ 1(F'),and o~ 1(C’
are families of PFSs on ¢~ }(W’). Because G' < H’, we have / < v’ and U/* C P/*;
because ¢ is an isomorphism, v/ = v, so v’ < v.

Supports. Letz € (¢~ 1(U}))*. Then puz(p(x)) >.0 and vy (p(x)) < 1, thatis, p(z) €
U;* C P;*. Since ¢ is an isomorphism, 1, () = pp/(p(®)) > 0.and vp,(z) = vp(p(z)) <
1, that is, z € P¥. Hence (o~ 1(U!))* C Pr.

Supervertices. For x € o~ Y (W'),

to-1 w2 (@) = pur(p(@) < ppple(x)) = pp,(z),
V-1 (@) = v (p(2)) = vp(p(2)) = vp (2).

Links. For z,y € o~ 1(W'),
-1y (wy) = por(@(z)e(y) £ ur (e(x)e(y) = pr,(zy),
Vo-1(cn(2y) = ver(o(2)e) 2 vr (0(2)e(y)) = vr,(zy).
Superedges. For x,y € o~ (W'),
to1 () (@Y) = ppr (9(2)(y) < ngr (0(2)e(y)) = nay; (2y),
Vo(r) (2y) = vy (@) p(y) = v (p(2)e(y)) = vq,,(ry).
Since =1 (U"), o~ (F')yand p~H(C’) are families of PFSs on ¢~ (W’), we conclude that
0 1(G") <qp H with underlying set o~ (W) C X. O

Let H = (V,€,D)and H = (V', &', D’) be RPFSs on X and X', respectively, and let
¢: X — X' beabijection. If G = (U, F,C) <qp H, we define p(G) = (o(U), ¢(F), »(C))
where

oU) = {o(U) = (o) Vewn) by
(P(J_") = {SO(FZ) = (:U“go(Fij)a Vgo(Fij))}Z]'ZP

0(C) = {@(Ci) = (p(c)s Vo) by

with i) (Y) = V oy (o) pui (@) and v (y) = V() o, (%), and analogously for Fj;
and C;. Since ¢ is a bijection, each supremum is taken over a single element. Similarly to

Theorem 6, we can prove the following theorem
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Theorem 7. Let H = (V,&,D) and H' = (V',E',D’) be RPFSs on X and X', respectively.
and let o: X — X’ be an isomorphism. If G <y, H with underlying set W C X, then
©0(G) <sup H' with underlying set (W) C X'

Proof. Since ) # W C X, we have ) # o(W) C X', and p(U), ¢(F); and ©(C) are families
of PFSs on p(W). Since G <q, H, we have u < vand U} C P;.

Supports. Lety € (p(U;))*. Since ¢ is a bijection, y = ¢(x) for a uniquex € W, and
pu,(x) > 0, vy,(z) < 1; thatis, z € U7 C F. Since ¢ isan isomorphism, pp:(y) =
fip,(2) > 0 and vps(y) = v (z) < 1,50 ((U)* € PI*

Supervertices. Let y = p(x) € ¢(W). Then

oY) = pu,(z) < pp,(z) = pp (y),
V@(Ui)(y> - VUi(x) > VP/L'(:U) - VPZ.’(y)‘
Links. Let ' = p(x) and y' = ¢(y) be in@(W). Then
tocn(@'y) = ne(zy) € pr,(vy) = pr(2'y),
V@(Ci)(x/y/) = Ve, (xy) 2> VR, (xy) = VR (xlyl)‘
Superedges. With the same 2’ and 1/,
Hoo(Fiy) (2'Y) = pr, (BY) S g, (vy) = ngy, (=),
V@(Fij)(x/y/) = VF;; (zy) = VQi; (zy) = VQ;J- (x/y/).

Since ¢(U), p(F), and ¢(C) are families of PFSs on (W), we conclude that p(G) <gp H’
with underlying set p(W) C X'. O

Definition 18. Let H = (V,£,D) be an RPFS on X. Then H is called balanced if
D*(G) < D*(H) for every G '<sw H. Here, for D*(G) = ((a1,51),(a},5])) and
D*(H) = ((az, B2), (¢gyB5)), the relation D*(G) < D*(H ) means

a1 < a2, 0/1 < 0/21 Bl > ﬁ?? ﬁi > /Bé

Example 11. Consider the RPFS H = (V, £, D) in Figure 1 and the RPFS G in Figure 8, which
is a Pythagorean fuzzy subsuperhypergraph of H. Computations show that

2= ((§35) (1))

and D*(G) A D*(H) (see Example 5). This means that, although the number of students and

the levels of intelligence, perseverance, understanding, cooperation, interaction, and competi;

tion decreased, the density increased. Thus, the complex hypernetwork H is not balanced
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Theorem 8. Let H = (V, £, D) bea (¢, ¢')-constant complete RPFS on X . Then H isbalanced

Proof. Let G = (U, F,C) <qp H with underlying set Y C X. By Theorem 3, D*(H) =
((k,k), (k,k)). Since G is an RPFS, we have pc, (zy) < pu, (@) A pgy(y) and ve, (zy) >
vy, (x) V vy, (y) for every zy € C. Hence, by (1),

k 22:1 Zg;yec; pe;(zy)
> nyec; (/JUZ- (z) A po, (y)) ’
B S ecs o, (1)
25:1 Zmye(); (VUi (z) Vv VUi(y))

D*(G,C) = (

> =< (k, k) =D*(H,D).

Similarly, since pr, (zy) < pu,(v) A pu,(y) and ve(ry) > wy,(z) V vy, (y) for every
zy € Fj, (2) gives
D*(G,F)= (k,k) = D*(H,E).

Therefore, D*(G) <= D*(H), and H is balanced. O

Example 12. Consider the RPFS K§ in Figure 3 and the RPFS G in Figure 9. By Theorem 8

K is balanced. Computations show that

> (T2 ) ()

P;(0.8,0.1) (0.5,0.1)

P3(0.6,0.1)

(0.3,0.1) P,(0.5,0.1)

Figure 9: A Pythagorean fuzzy subsuperhypergraph G of Kg.

Proposition 1. Let H = (V,&,D) and H' = (V', &', D’) be isomorphic RPFSs on X and X’

respectively. Then

(M)

(Z nr ), ”Ri(xy)) :< o pr@Y), D VR;(w'y'));

* * / /%
Y R’L Y pz x/yl Ri* $ly/ Rz




Hamidi et al. 19

(iD)
(X maulay), Y va,w) = (X ne, @), Y vy @),

TyeQy; ryeQy; x’y’ng @'y €Q

Proof. (i) Since H = H', there exists a bijection p: X — X' satisfying the conditions of
Definition 12. By condition (i) of that definition, ¢ maps P;* onto P/*; hence, it maps P, x P}*
bijectively onto P/* x P!*. Using condition (ii) of Definition 12 and the convention introduced
before Corollary 2, we obtain
Yoo ur@) = > ure@e) = >k (xy),
z'y' e P/* x P* xy€ P} x P} xYyE P} X P

and the same holds with v in place of u.

(i1) The proof is similar to that of (i), using condition/(iii) of Definition 12. 0

Theorem 9. Let H = (V,£,D) and H' = (V', &', D’) be isomorphic RPFSs on X and X'
respectively. If H is balanced, then H’ is balanced.

Proof. Let G' = (U', F',C") <q» H' with underlying set W/ C X', and let o: X — X' be
an isomorphism. By Theorem 6, o~} (G") < H with underlying set ¢ ~!(W’) C X. By the
substitution 2’ = ¢(z), ¥’ = ¢(y) and the definitions of ¢~ (C?) and ¢~ (U), we have

ST one@y) = D e (),

'y eCl* TYE(p~H(CY)*
o (@) Apn@))= D (e (@) A e ),
'y’ eCl* zY€ (1 (C))*

and the same identities hold with v in place of 1 and V in place of A. Consequently,
DHG'.C") = D" (¢71(G), 97 ().

Since H is balanced, D* (¢ =1(G")) X D*(H); in particular,
D*(¢THG"), 971 (C) = D*(H, D).

Moreover, since ¢ is an isomorphism,

(g, (2), vr, (2)) = (1R (9(2) (), vr (9(2)p(y)))
and
(/’LPZ' (1’), vp, (.%')) = (ILLP,L, ((P(x))v VPZ’(QD(«x))),
the same substitution, together with Proposition 1, gives D*(H, D) = D*(H',D’). Combining
these relations,
D*(G',C") = D*(H', D).

In the same way, D*(G’, F') < D*(H',£"). Hence, D*(G') < D*(H'), and so H' is balanced

[]
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Based on Theorems 7 and 9, we obtain the following corollary.

Corollary 4. Let H = (V,&,D) and H' = (V', &', D’) be isomorphic RPESs on X and X’
respectively. Then H is balanced if and only if H’ is balanced.

5 Conclusion and Discussion

In this paper, we combined the concepts of superhypergraphs and Pythagorean fuzzy subsets to
design a purposeful complex hypernetwork. The main contributions and findings are summay

rized as follows.

1. We introduced k-density measures for the links and superedges of an RPFS (Defini;
tion 14) and applied them to charaeterize the density of (¢, ¢")-constant complete and
(r, s)-regular RPFSs (Theorems 3 ‘and 5).

2. Using the valued density, we provided an explicit analytical characterization of the bal
anced property for the class of (¢, ¢)-constant complete RPFSs (Theorem 8).

3. We proved that the balanced property is invariant under isomorphism (Theorem 9), and|
we established that the structural invariants of subsuperhypergraphs are preserved as well
(Theorems 6 and 7).

4. We extended (r, s)-regularity to RPESs by generalizing the link-degree and superedge;
degree to the vertices of a hypernetwork (Definitions 15 and 16).

Limitations. The theoretical framework developed in this work is primarily structural and
combinatorial. Practical implementation and experimental validation on real-world large-scale
datasets remain unexplored, which limits the immediate applicability of the proposed measures
in applied domains such as social network analysis or biological systems. Moreover, the study|
focuses on the definition and theoretical investigation of density, regularity, and balancedness in
RPFSs; the computational complexity and algorithmic efficiency of computing these measures
for large-scale Pythagorean fuzzy superhypergraphs have not been addressed, and the scalability
of the proposed approach requires further investigation.

Future work. Future research directions include developing algorithms for computing the
k-density in large-scale Pythagorean fuzzy superhypergraphs, extending the framework to other
generalizations of fuzzy sets, such as g-rung orthopair fuzzy superhypergraphs, and modeling
and optimizing real-world problems based on Pythagorean fuzzy superhypergraphs. These theo;

retical advancements provide a robust foundation for handling uncertainty in hypergraph-based

models across various scientific and engineering disciplines
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