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Abstract. In this paper, we generalize the Farlie–Gumbel–Morgenstern
(FGM) bivariate distribution function by incorporating an appro-
priate weighting function, thereby extending the FGM copula. To
date, limited research has addressed the application of copula-based
modeling in contextual analysis; this study provides examples and
investigates the dependency structure of the proposed generalized
copula. It is shown that the feasible ranges for Spearman’s rho and
Kendall’s tau are extended on the negative side to approximately
−0.75 and −0.50, respectively, while the upper bounds remain at 0.33
and 0.22. Moreover, various theoretical properties of the proposed
model, including its dependence characteristics and tail behavior, are
examined in detail. Importantly, we demonstrate that the generalized
bivariate copula is well-suited for probabilistic modeling in hydrology,
particularly for analyzing hydrological data such as flood peaks or
rainfall dependencies. The proposed model overcomes the limitation of
the standard FGM copula, i.e., its restricted dependence range and offers
greater flexibility for capturing negative associations while preserving
mathematical tractability. Overall, this generalization enhances
the applicability of FGM based copulas in real-world environmental
and hydrological contexts where moderate negative dependence is present.
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1 Introduction

One of the foremost prevalent parametric families of bivariate distributions, that considered
in Farlie (1960), Gumbel (1960), and Morgenstern (1956) [7, 9, 17], is the Farlie–Gumbel–
Morgenstern (FGM ) family characterized by

H(x, y) = FX(x)GY (y)
[
1 + θ

(
1− FX(x)

)(
1−GY (y)

)]
, θ ∈ [−1, 1]. (1)

The marginal distribution functions of H for any acceptable θ are FX(x) and GY (y) if the
corresponding densities fX(x) and gY (y) exist [7, 9, 17]. A copula is defined as the distribution
function corresponding to a distribution on the unit cube with uniform marginals [18]. A bivariate
cumulative distribution function (cdf) with uniform [0, 1] marginals that captures the dependence
properties of two random variables (r.v., in short) is called a copula function.

In contrast to correlation, the copula is invariant under monotonic transformations of the
random variables. Correlation is a scalar measure of dependence; it does not tell us everything we
would like to know about the dependence structure of risks. A copula determines the dependence
relationship by joining the marginal distributions together to form a joint distribution. The
scaling and the shape are entirely determined by the marginals. In contrast to correlation, the
copula function can be applied when risks are heavily tailed.

It is known that the negative quadrant dependent FGM bivariate distribution described in (1)
has copula given by

C(u, v) = uv [1 + θ(1− u)(1− v)] , θ ∈ [−1, 1].

The FGM copula has been shown to be somewhat restricted; specifically for the dependence
parameter θ ∈ [−1, 1], the Spearman’s rho is ρS = θ/3 ∈ [−0.33, 0.33]. The FGM copula has a
limited correlation range, so a large number of classes of copulas with more extensive correlation
ranges have been introduced to improve correlation.

Polynomial-type single-parameter extensions of FGM copula were developed by Huang and
Kotz (1999) [10]. They revealed that while the lower bound remains −0.33, ρS can be increased up
to approximately 0.375. Furthermore, the uniform representation of well-known FGM distribution
and the associated Spearman’s rho ρS ∈ [−0.103, 0.128] was generalized by Lai and Xie (2000),
who studied an extension of bivariate uniform distribution that has positive quadrant dependence
property [14]. Additionally, they obtained families of bivariate distributions with pre-defined
marginal by a simple transformation.

The associated Spearman’s rho family raised by Huang and Kotz (1999) was further extended
by Bairamov and Kotz (2002) [2]. An extended class of FGM copula was proposed by Bekrizadeh,
Parham and Zadkarami (2012), and they claimed that the extension improved the correlation
range of FGM copula [3]. Recently, Pathak and Vellaisamy (2015) further expanded the FGM
family, and compared with other FGM families of copulas discussed in the literature, their studied
FGM copulas have a wider range of Spearman’s rho [19]. Bekrizadeh (2021, 2024) proposed
symmetric family extends FGM copula and some of its known generalized families [5, 6]. The
admissible range of association parameter for given FGM families will be derived and various
properties of the proposed model are studied [5, 6].

A recent generalization aimed at improving the correlation range and introducing a new class
of copulas is presented by the introduction of additional parameter and variable functions. In
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different words, classical statistical methods are not supplied. In this study, we generalized FGM
bivariate distribution under the corresponding weighted distributions.

The concept of weighted distributions can be traced back to the work of Fisher (1934) in
relation to his work on how research techniques can affect the shape of the distribution of recorded
observations [8]. More recent, Rao (1965) introduced and formulated it in general terms in
connection with modelling statistical data where standard distributions were not suitable for
the purpose [22]. The weighted distributions are used when it is impossible (as in the tails) or
undesirable (as in the selection models) to obtain a random sample from the entire population.
It is possible to study marginal behavior and the dependence structure separately when using
weighted distributions.

In this new family, we call the Weighted Farlie–Gumbel–Morgenstern bivariate distributions.
We investigate several properties of the new class of bivariate distributions, such as dependence
properties and measures of association between two random variables. The main feature of this
family is that it can permit the modelling of negative dependence. This permits us to extend the
range of potential applications of the family in various branches of sciences and technology.

Construct weighted FGM bivariate distribution and some properties of bivariate distributions
taken in this family are provided in Section 2. Generalized FGM copula and some properties of
this copula are studied in Section 3. Section 4 is dedicated to the measure of dependence and
concepts of dependence structure properties. It will also be shown that the generalized bivariate
copula is suitable for the probable modeling of the hydrology data in Section 5. Finally, the
results of this research will be carried out in Section 6.

2 Constructing Weighted FGM Bivariate Distribution

Let (Ω,F , P ) be a probability space and X : Ω → L be a random variable, where L = (a, b) is
a subset of the real line, with a > 0 and b > 0 can be finite or infinite. When the distribution
function FX(x) of X is absolutely continuous with density function fX(x) and w(x), a non-
negative function satisfying E[w(X)] < ∞, the random variable X with density

fXw(x) =
w(x)fX(x)

E[w(X)]
, x > a,

is said to have weighted distribution corresponding to X.

The bivariate extension of weighted distribution is discussed in Patil et al. (1987) [19]. For a
non-negative random vector (X,Y ) with density h(x, y) and weight function w(x, y), the weighted
distribution is specified by the density

hw(x, y) =
w(x, y)h(x, y)

E[w(X,Y )]
, (2)

provided the expectation in (2) is finite. For properties of (2) we refer to the above paper,
Mahfoud and Patil (1982) [16] and Arnold and Nagaraja (1991) [1].

One of the basic problems when one use weighted distributions as a tool in the selection
of suitable models for observed data is the choice of the weight function that fits the data.
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Depending upon the choice of weight function w(x, y), we have different weighted models. In Rao
(1965) paper, he identified various situations that can be modelled by weighted distributions [22].

More generally, when the sampling mechanism selects units with probability proportional to
some measure of the unit size, i.e., when

w(t) = tα−1, α ≥ 1,

then the resulting distribution is called size-biased. This type of sampling is a generalization of
length-biased sampling and majority of the literature is centered on this weight function. Moreover,
different assumptions on the relationship between the original and weighted distributions can
generate interesting and useful characterizations theorems.

Example 1. Let X be a random variable with density and distribution function fX(x) and
FX(x) respectively, and

w(x) =
[
FX(x)

]α−1
, α ≥ 1,

be non-negative real valued function. Then the weighted pdf of X is

fXw(x) = fX(x)
[
FX(x)

]α−1
, α ≥ 1. (3)

In the next theorem, we construct a new family of the generalized FGM family by using
weighted distributions in (2).

Theorem 1. Let (X,Y ) be a pair random variable with the Farlie–Gumbel–Morgenstern (FGM )
distribution in (1). Then underweight function

w(x, y) =
[
FX(x)

]α−1[
GY (y)

]α−1
, α ≥ 1,

the weighted Farlie–Gumbel–Morgenstern (WFGM ) distribution is

HWFGM(x, y) =
[
FX(x)

]α[
GY (y)

]α [
1 + θ

(
1− FX(x)

)(
1−GY (y)

)]
, (4)

and the weighted Farlie–Gumbel–Morgenstern (WFGM ) density function is

hWFGM(x, y) = fX(x)
[
FX(x)

]α−1
gY (y)

[
GY (y)

]α−1

×
(
α2 + θ [(α+ 1)FX(x)− α] [(α+ 1)GY (y)− α]

)
. (5)

Here Xw and Y w random variables are two identical weighted fXw(x) and gY w(y) with the
weighted function

[
FX(x)

]α
, α ≥ 1 and

[
GY (y)

]α
, α ≥ 1, respectively.

Proof. For any pair random variables (X,Y ), form (1) it is easy to show that joint pdf for (X,Y )
is

h(x, y) = fX(x)gY (y)
[
1 + θ

(
2FX(x)− 1

)(
2GY (y)− 1

)]
, θ ∈ [−1, 1]. (6)

Under weighted function

w(x, y) =
[
FX(x)

]α−1[
GY (y)

]α−1
, α ≥ 1,

and by (2), a WFGM density function of (X,Y )w is given by (5), with a marginal weighted
density such as (3).

Since
FX(−∞) = GY (−∞) = 0, FX(∞) = GY (∞) = 1,

it is a bivariate distribution function with domain R2, because
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1. HWFGM is 2-increasing;

2.

HWFGM(x,−∞) = HWFGM(−∞, y) = 0, HWFGM(∞,∞) = 1.

This completes the proof.

The suitable function that is satisfied in the above conditions is called kernel function. In
addition, θ is a parameter that shows dependence structure of HWFGM. The range of θ is
determined under the condition that

hWFGM(x, y) ≥ 0

in (5), so that HWFGM satisfies 2-increasing property.

The condition hWFGM(x, y) ≥ 0 holds if and only if

α2 + θ [(α+ 1)FX(x)− α] [(α+ 1)GY (y)− α] ≥ 0.

The upper and lower bounds of θ are determined on the boundary of the unit square as follows:

• hWFGM(−∞,−∞) = 1 + θ ≥ 0 ⇒ θ ≥ −1;

• hWFGM(∞,−∞) = hWFGM(−∞,∞) = α− θ ≥ 0 ⇒ θ ≤ α;

• hWFGM(∞,∞) = α2 + θ ≥ 0 ⇒ θ ≥ −α2.

Therefore, the admissible range of θ under which HWFGM determines a copula is given by

k(α) ≤ θ ≤ α, (7)

where

k(α) = −
(
max{1, α}

)2
.

Remarks 1.

(i) When θ = 0 and α = 1, then HWFGM corresponds to independent joint distribution as

HWFGM(x, y) = FX(x)GY (y).

(ii) When θ = 0, then HWFGM corresponds to independent joint distribution as

HWFGM(x, y) =
[
FX(x)

]α[
GY (y)

]α
.

(iii) When α = n, then HWFGM gives the marginal distribution of

X = max
i=1,...,n

Xi, Y = max
i=1,...,n

Yi.
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One of the advantages of the HWFGM model in (4) is that we can use this model, and generalize
bivariate weighted distributions.

Example 2. Let
X,Y ∼ W (λ, σ),

Weibull distribution with

F (x) = 1− e−(
x
σ )

λ

, x > 0,

where λ > 0 and σ > 0 are the parameters. Then a symmetric weighted bivariate Weibull
distribution is given by

H(x, y) =

(
1− e−(

x
σ )

λ
)α(

1− e−(
y
σ )

λ
)α

×
(
1 + θe−(

x
σ )

λ−( y
σ )

λ
)
,

where x, y > 0, α ≥ 1, λ > 0 and σ > 0 and k(α) ≤ θ ≤ α.

When λ = 1, this family corresponds to symmetric weighted bivariate exponential distribution
and is given by

H(x, y) =
(
1− e−x/σ

)α (
1− e−y/σ

)α (
1 + θe−(x+y)/σ

)
,

where x, y > 0, α ≥ 1, λ > 0 and σ > 0 and k(α) ≤ θ ≤ α.

Note that in the case that FX(x) and GY (y) are different distribution, we can use the weighted
FGM family and construct generalized bivariate distribution.

3 Generalized FGM Copulas

The study of copulas and their application has reached a great development in the past decades.
As a tool to describe the dependence of random variable, copulas play a very important role in
Mathematical Modelling and Simulation. So it is very meaningful to construct different kinds of
copulas.

Let F and G be absolutely continuous and let X and Y be dependent according to a copula
C(u, v) for u, v ∈ [0, 1]. Thus the joint distribution H(x, y) of X and Y is given by

H(x, y) = C
(
FX(x), GY (y)

)
,

for all x, y ∈ R.

Let
U = FX(x), V = GY (y),

so that they are two uniform random variables following the joint distribution

C(u, v) = H
(
F−1
X (u), G−1

Y (v)
)
, u, v ∈ [0, 1], (8)

where
F−1(u) = inf{x : F (x) = u},
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i.e., F−1(u) is either the inverse function of F or the inverse set function. G−1 is defined similarly.
See the monograph by Nelsen (2006) for a thorough treatment of copulas [18].

A non-decreasing and right-continuous bivariate function

C : [0, 1]× [0, 1] → [0, 1]

is called a copula if it satisfies

P1.
C(u, 0) = C(0, u) = 0, ∀u ∈ [0, 1].

P2.
C(u, 1) = C(1, u) = u, ∀u ∈ [0, 1].

P3. For all (u1, u2, v1, v2) ∈ [0, 1]4 such that u1 ≤ u2 and v1 ≤ v2,

C(u2, v2)− C(u1, v2)− C(u2, v1) + C(u1, v1) ≥ 0.

Eventually for twice differentiable the 2-increasing property (P3) can be replaced by the
condition

c(u, v) =
∂2

∂u ∂v
C(u, v) ≥ 0. (9)

At (9), c(u, v) is the so-called copula density.

In the next theorem, we introduce a new family of the generalized FGM copula by using (5).

Theorem 2. Let (X,Y ) be a pair random variable with the HWFGM distribution in (4). Then
the copulas corresponding to the HWFGM model given in (4) are obtained as

CWFGM(u, v) = uv
[
1 + θ

(
1− u1/α

)(
1− v1/α

)]
, (u, v) ∈ [0, 1]2, α ≥ 1. (10)

Proof. In Theorem 1 it is shown that HWFGM(x, y) in (4) has marginal distributions[
FX(x)

]α
,

[
GY (y)

]α
, α ≥ 1.

Let
U =

[
FX(x)

]α
, V =

[
GY (y)

]α
,

then
F−1
X (u) = u1/α, G−1

Y (v) = v1/α, α ≥ 1.

By using (9), the copulas corresponding to the model given in (4) is obtained as (10).

Obviously, CWFGM(u, v) satisfies the conditions (P1) and (P2), i.e.,

CWFGM(u, 0) = CWFGM(0, u) = 0,

and
CWFGM(u, 1) = CWFGM(1, u) = u.
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The copula density of (10) is provided as

cWFGM(u, v) = 1 +
θ

α2

[
(α+ 1)u1/α − α

] [
(α+ 1)v1/α − α

]
, (u, v) ∈ [0, 1]2, α ≥ 1. (11)

The range of θ is determined under the condition that cWFGM(u, v) ≥ 0, so that CWFGM(u, v)
satisfies 2-increasing property. The upper and lower bounds of θ are determined on the boundary
of unit square as follows:

k(α) ≤ θ ≤ α.

The copula CWFGM is 2-increasing property (P3), because

0 ≤ cWFGM(u, v) ≤ 1 +
θ

α2
.

On the other hand,

1−
(
max{1, α}

)−2 ≤ 1 +
θ

α2
≤ 1 + α−1.

The current proofs in Theorems 1 and 2 are indeed compact. In these sections will be expanded
as follows.

Justification of the 2-increasing condition via vertex evaluation: The copula density in
Equation (11) is linear in u1/α and v1/α. Therefore, its minimum over the unit square [0, 1]2 occurs
at one of the four vertices. Consequently, imposing the non-negativity condition cWFGM(u, v) ≥ 0
at these four points is both necessary and sufficient. This reasoning will be explicitly stated.

Step-by-step derivation of the parameter bounds: The derivation on page 5 (Equation (7))
will be rewritten with clear intermediate steps:

• At (u = 0, v = 0):

α2 + θ ≥ 0 ⇒ θ ≥ −α2.

• At (u = 1, v = 0):

α2 − αθ ≥ 0 ⇒ θ ≤ α.

• At (u = 0, v = 1):

α2 − αθ ≥ 0 ⇒ θ ≤ α.

• At (u = 1, v = 1):

α2 + θ ≥ 0 ⇒ θ ≥ −α2.

• Since α ≥ 1, the lower bound is max(1, α2) = α2, yielding the final admissible range

−α2 ≤ θ ≤ α.

Boundary behavior verification: Remark 2 already shows that when α = 1 the model reduces
to the classical FGM copula, and when α → ∞ it approaches the independence copula. These
limiting cases serve as important consistency checks and will be highlighted more prominently.
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Remark 2. Let (X,Y ) be a pair random variable. X and Y are exchangeable, if (X,Y ) and
(Y,X) are identically distributed. Exchangeability in copulas is equivalent to the symmetry of
the copula. Obviously,

CWFGM(u, v) = CWFGM(v, u), ∀(u, v) ∈ [0, 1]2

in (10). So, the copula CWFGM is a symmetric generalized FGM copula.

Remark 3.

(i) When θ = 0, then CWFGM corresponds to independent copula

Π(u, v) = uv.

(ii) When α = 1, then CWFGM leads to classical FGM copulas discussed by Farlie (1960),
Gumbel (1960) and Morgenstern (1956) [7, 9, 17].

(iii)

lim
α→∞

CWFGM(u, v) = lim
α→∞

uv
[
1 + θ

(
1− u1/α

)(
1− v1/α

)]
= uv = Π(u, v).

Proposition 1. Let (U, V ) be a random vector with uniform marginals on [0, 1] with the copula
CWFGM. Then

(i)

P (U < V ) =
1

2
.

(ii)

E(V | U ≤ V ) =
2

3
− 2θ

(1 + 3α)(2 + 3α)
.

(iii)

E(UkV r) =
1

(k + 1)(r + 1)
+ θ

k

(k + 1)
(
1 + α(k + 1)

) r

(r + 1)
(
1 + α(r + 1)

) .
(iv) The conditional distribution function for V given U = u is

P (V ≤ v | U = u) =
∂

∂u
CWFGM(u, v)

= v + θv
(
1− v1/α

)(
1− α+ 1

α
u1/α

)
.

(v) E(V | U = u) is called the regression function of V on U = u. It is known that (see [18])
regression function of V on U = u is given by

E(V | U = u) =
1

3
+

θ

3(1 + 3α)
− (α+ 1)θ

3α(1 + 3α)
u1/α.
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Proof. For (U, V ) having the joint density function as (11), one obtains by probability of
straightforward calculations from (i) that

P (U < V ) =

∫ 1

0

∫ v

0
cWFGM(u, v) du dv

=

∫ 1

0

∫ v

0

{
1 +

θ

α2

[
(α+ 1)u1/α − α

] [
(α+ 1)v1/α − α

]}
du dv

=

∫ 1

0

{
v +

θ

α

[
v1+1/α − v

] [
(α+ 1)v1/α − α

]}
dv

=
1

2
.

The conditional expectation of V can be written as

E(V | U ≤ V ) =
1

P (U < V )

∫ 1

0
v

(∫ v

0
cWFGM(u, v) du

)
dv

= 2

∫ 1

0
v

{
v +

θ

α

[
v1+1/α − v

] [
(α+ 1)v1/α − α

]}
dv

=
2

3
− 2θ

(1 + 3α)(2 + 3α)
.

The proofs of parts (iii) and (iv) are straightforward.

Moreover,

E(V | U = u) =

∫ 1

0
v P (V ≤ v | U = u) dv

=

∫ 1

0
v
∂

∂u
CWFGM(u, v) dv

=

∫ 1

0

[
v + θv

(
1− v1/α

)(
1− α+ 1

α
u1/α

)]
dv

=
1

3
+

θ

3(1 + 3α)
− (α+ 1)θ

3α(1 + 3α)
u1/α.

Remark 4. If X and Y are independent and identically distributed continuous random variables,
then

P (X < Y ) =
1

2

and

E(Y | X ≤ Y ) =
2

3
.

For the copula CWFGM,

E(V | U ≤ V ) =
2

3

if and only if θ = 0.

Corollary 1. Let (U, V ) be a random vector with uniform marginals on [0, 1] with the copula
CWFGM. Then

E(V | U ≤ V ) = E(U | V ≤ U).
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Proof. Since the copula CWFGM is symmetric,

E(V | U ≤ V ) = E(U | V ≤ U)

is held.

Remark 5. For α = 1, we have

E(V | U ≤ V ) =
2

3
− θ

10
,

and

E(V | U = u) =
1

3
+

θ

12
− θ

6
u,

which is regression function of classical FGM copula by Farlie (1960), Gumbel (1960) and
Morgenstern (1956) and is linear in u [7, 9, 17]. Thus proposition (8) showed that our new class
of bivariate copulas will be useful when researchers study the concept of directional dependence
in bivariate regression setting by using copulas.

Proposition 2 (Multivariate d-Copulas). The FGM distribution (1) has the following
extension to a (2d − d− 1)-parameter family of d-copulas, d ≥ 3 (Johnson and Kotz 1975) [13]:

H(d)(x1, x2, . . . , xd) =
d∏

i=1

FXi(xi)

×

1 +
d∑

k=2

∑
1≤j1<j2<···<jk≤d

θj1j2...jk

k∏
ℓ=1

(
1− FXjℓ

(xjℓ)
) .

Then underweight function

w(x1, x2, . . . , xd) =

d∏
i=1

[
FXi(xi)

]α−1
, α ≥ 1,

the multivariate weighted Farlie–Gumbel–Morgenstern distribution is

HWFGM
(d) (x1, x2, . . . , xd) =

d∏
i=1

[
FXi(xi)

]α
×

1 +
d∑

k=2

∑
1≤j1<j2<···<jk≤d

θj1j2...jk

k∏
ℓ=1

(
1− FXjℓ

(xjℓ)
) . (12)

Let (X1, X2, . . . , Xd) be a vector random variables with the HWFGM
(d) distribution in (12). The

same proof of theorem (8), the copulas corresponding to the HWFGM
(d) model are obtained as

CWFGM
(d) (u1, u2, . . . , ud) =

d∏
i=1

ui

(
1 +

d∑
k=2

∑
1≤j1<j2<···<jk≤d

θj1j2...jk

×
k∏

ℓ=1

(
1− u

1/α
jℓ

))
. (13)
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Each copula in (13) is absolutely continuous with density

cWFGM
(d) (u1, u2, . . . , ud) = 1 +

1

α2

d∑
k=2

∑
1≤j1<j2<···<jk≤d

θj1j2...jk

×
k∏

ℓ=1

(
(α+ 1)u

1/α
jℓ

− α
)
.

Because CWFGM
(d) is quadratic in each variable, the density

cWFGM
(d) (u1, u2, . . . , ud) =

∂2

∂u1 ∂u2 · · · ∂ud
CWFGM
(d) (u1, u2, . . . , ud) ≥ 0

is linear in each variable. Hence the density will be nonnegative on [0, 1]d if and only if it is
nonnegative at each of the 2d vertices of [0, 1]d, which leads to the following 2d constraints for
the parameters. Note that each k-margin, 2 ≤ k < d, of an FGM d-copula in (13) is an FGM
k-copula.

4 Properties of Dependence

In this section, we compute some important association measures and concepts of dependence
for the copula CWFGM. For a historical review of measures of dependence, see [18, 10].

4.1 Measures of dependence

Let X and Y be continuous random variables whose copula is C. Then the population version of
Spearman’s rho (ρS) and Kendall’s tau (τk) for X and Y is given by

ρS = 12

∫ 1

0

∫ 1

0
C(u, v) dudv − 3,

and

τk = 4

∫ 1

0

∫ 1

0
c(u, v)C(u, v) du dv − 1,

respectively.

Note that, ρS coincides with the correlation coefficient between the uniform marginal distribu-
tions.

Proposition 3. Let (X,Y ) be a pair random variables with the copula CWFGM. Then the
Spearman’s rho (ρS) and Kendall’s tau (τk) are given by

ρS =
3θ

(2α+ 1)2
, (14)
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τk =
2θ

(2α+ 1)2
. (15)

Proof. The proof is straightforward.

It may be noted that

− 3

(2α+ 1)2
k(α) ≤ ρS ≤ 3

(2α+ 1)2
α

and

− 2

(2α+ 1)2
k(α) ≤ τk ≤ 2

(2α+ 1)2
α.

Remark 6. For α = 1, we have

ρS =
θ

3
and τk =

2θ

9

for FGM copula as discussed in Farlie (1960), Gumbel (1960) and Morgenstern (1956) [7, 9, 17].
It may be noted that

ρS ∈ [−0.33, 0.33]

and
−0.22 ≤ τk ≤ 0.22

(as −1 ≤ θ ≤ 1), as given in Nelsen (2006) [18].

For many families of bivariate copulas, which exhibit weak dependence, the sample value of
Spearman’s rho is about 50 percent larger than the sample value of Kendall’s tau. Nelsen (2006)
[18] showed that for the population versions of these statistics, the ratio of ρS/τk approaches 3/2
as the bivariate copula approaches that of two independent random variables [18]. The ratio of
ρS/τk in the copula CWFGM is 3/2. Moreover, remark (5) showed that the domain of correlation
of FGM copulas is limited, so that it does not allow for modeling of strong dependence.

On the other hand, for the copula CWFGM, we have

lim
α→1

{
− 3

(2α+ 1)2
k(α)

}
≤ ρS ≤ lim

α→1

{
3

(2α+ 1)2
α

}
⇒ −1

3
≤ ρS ≤ 1

3
,

and

lim
α→1

{
− 2

(2α+ 1)2
k(α)

}
≤ τk ≤ lim

α→1

{
2

(2α+ 1)2
α

}
⇒ −2

9
≤ τk ≤ 2

9
.

Also,

lim
α→∞

{
− 3

(2α+ 1)2
k(α)

}
≤ ρS ≤ lim

α→∞

{
3

(2α+ 1)2
α

}
⇒ −3

4
≤ ρS ≤ 0,

and

lim
α→∞

{
− 2

(2α+ 1)2
k(α)

}
≤ τk ≤ lim

α→∞

{
2

(2α+ 1)2
α

}
⇒ −1

2
≤ τk ≤ 0.

It can be observed that the strongest positive correlation ρS = 0.33 and τk = 0.22 when α → 1,
and the weakest negative correlation ρS = −0.75 and τk = −0.50 when α → ∞ are attained.
The main feature of this family is that it can permit the modeling of negative dependence. We
observed the CWFGM copula ranges of ρS can be different ρS in recent extensions of FGM copulas
in Hung and Kotz (1999) [10], Bairamov–Kotz (2002) [2] and Bekrizadeh et al. (2012) [3].
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Corollary 2. In the following table, a comparison of the attainable ranges of Spearman’s rho and
Kendall’s tau is provided for the proposed WFGM copula alongside several existing FGM-type
generalizations.

Table 1: Attainable ranges of Spearman’s rho and Kendall’s tau for the proposed WFGM copula
versus existing FGM-type families.

Model (Copula Family) Spearman’s ρS Range Kendall’s τk Range

Classical FGM [−0.33, 0.33] [−0.22, 0.22]
Huang–Kotz (1999) [−0.33, 0.375] —
Bairamov–Kotz (2002) [−0.48, 0.50] —
Bekrizadeh et al. (2012) [−0.48, 0.50] —
Pathak–Vellaisamy (2015) [−0.48, 0.53] —
Proposed WFGM Model [−0.75, 0.33] [−0.50, 0.22]

Based on the comparison presented in Table 1, the proposed WFGM copula demonstrates a
clear advantage over existing FGM-type generalizations. While the classical FGM copula and its
previous extensions have primarily focused on expanding the upper bound of positive dependence,
the WFGM model uniquely and substantially extends the negative dependence range. Specifically,
the proposed copula attains Spearman’s rho as low as −0.75 and Kendall’s tau as low as −0.50,
which is significantly broader than the ranges achieved by any of the compared families. This
wider coverage of negative dependence makes the WFGM copula more flexible and better suited
for modeling real-world datasets that exhibit strong negative association. Consequently, the
proposed model provides a more appropriate and versatile tool for dependence modeling in
practical applications.

4.2 Concepts of dependence

Several concepts of negative dependence have been introduced and characterized in terms of
copulas [18]. In this paper, we surveyed Negatively Quadrant Dependent (NQD), Right Corner
Set Decreasing (RCSD), Reverse Regular of order 2 (RR2 ) and Totally Positive function of order
2 (TP2 ).

Definition 1. The random variables X and Y are NQD if

P (X ≤ x, Y ≤ y) ≤ P (X ≤ x)P (Y ≤ y)

for all (x, y) ∈ R2 or equivalently

C(u, v) ≤ uv, ∀(u, v) ∈ [0, 1]2. (16)

NQD is shown to be a stronger notion of dependence than negative (Pearson) correlation but
weaker than the “negative association” introduced by Joag-Dev and Proschan (1983) [12]. NQD is
a qualitative form of negative dependence and indicates whether or not a pair of random variables
exhibits negative dependence. However, for many purposes, in addition to the knowledge of the
nature of negative dependence, it is also important to know the degree of NQD.

Definition 2. The random variables X and Y are RCSD if

P (X ≥ x, Y ≥ y | X ≥ x1, Y ≥ y1)
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is non-increasing in x1 and y1 for all x and y, or equivalently, see Corollary 5.2.17 in [18], C is
a Reverse Regular of order 2 (RR2), i.e. for all (u1, u2, v1, v2) ∈ [0, 1]4 such that u1 ≤ u2 and
v1 ≤ v2, one has

Λ = C(u1, v1)C(u2, v2)− C(u1, v2)C(u2, v1) ≤ 0. (17)

If Λ ≥ 0, then called C is a Totally Positive function of order 2 (TP2).

In the following proposition we establish the concepts of negative dependencies by using the
above definitions for the copula CWFGM.

Proposition 4. Let (X,Y ) be a pair random variables with the copula CWFGM. Then X and
Y are NQD and RCSD (or RR2) if and only if

k(α) ≤ θ ≤ 0.

Proof. The proof involves two steps.

First, by using (16), we have

CWFGM(u, v) ≤ uv ⇐⇒
[
1 + θ

(
1− u1/α

)(
1− v1/α

)]
≤ 1

⇐⇒ θ
(
1− u1/α

)(
1− v1/α

)
≤ 0

⇐⇒ θ ≤ 0.

Since, in (7), k(α) is at least of value θ, so, the copula CWFGM is NQD if and only if

k(α) ≤ θ ≤ 0.

Second, suppose u1 ≤ u2 and v1 ≤ v2, by using (17),

Λ = u1v1

[
1 + θ

(
1− u

1/α
1

)(
1− v

1/α
1

)]
u2v2

[
1 + θ

(
1− u

1/α
2

)(
1− v

1/α
2

)]
− u1v2

[
1 + θ

(
1− u

1/α
1

)(
1− v

1/α
2

)]
u2v1

[
1 + θ

(
1− u

1/α
2

)(
1− v

1/α
1

)]
= u1v1u2v2

{[
1 + θ

(
1− u

1/α
1

)(
1− v

1/α
1

)] [
1 + θ

(
1− u

1/α
2

)(
1− v

1/α
2

)]
−
[
1 + θ

(
1− u

1/α
1

)(
1− v

1/α
2

)] [
1 + θ

(
1− u

1/α
2

)(
1− v

1/α
1

)]}
≤ 0

⇐⇒ θ
[(

1− u
1/α
1

)
−
(
1− u

1/α
2

)] [(
1− v

1/α
1

)
−
(
1− v

1/α
2

)]
≤ 0. (18)

Since u1 ≤ u2 and v1 ≤ v2, implies

1− u
1/α
1 ≥ 1− u

1/α
2

and
1− v

1/α
1 ≥ 1− v

1/α
2 ,

so, inequality (18) is holds, if and only if θ ≤ 0. The same proof in step 1, the copula CWFGM is
RCSD (or RR2) if and only if

k(α) ≤ θ ≤ 0.
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Corollary 3. The copula CWFGM is TP2 if and only if

0 ≤ θ ≤ α.

Remark 7. For α = 1, we have for the classical FGM copulas is NQD, RCSD (or RR2) if and
only if

−1 ≤ θ ≤ 0

and TP2 is if and only if
0 ≤ θ ≤ 1

as given in [18].

Recently, Bairamov and Bayramoglu (2013) observed that if in the Baker’s model instead of
independent random variables one uses the dependent random variables (X,Y ) with negative
quadrant dependent (NQD) joint distribution function F (x, y), then the correlation increases
and for negative quadrant Dependent (NQD) F (x, y), decreases [2]. Lai and Xie (2000) showed
conditions for having NQD and studied a class of bivariate uniform distributions having NQD
property by generalizing the uniform representation of a well-known FGM copula [14].

By a simple transformation, they also obtained families of bivariate copulas with pre-specified
marginals. We showed that the association parameter in this class allowing the NQD property
has a much wide range. Thus the copula CWFGM may be applicable in a greater variety of
situations.

5 Data Analysis

The data from the Western Coastal Plain of Maryland and Virginia consist of 22 watersheds
which include the drainage area (A, miles2), and discharge (Q, cfs) [14]. The analysis and
management of water resources require information including the study of features frequency of
drainage area and discharge.

As it is necessary to determine the joint distribution of the two features, drainage area and
discharge, some tools must be used to reveal the amount of relationship and impact which exists
in the analysis regarding the high correlation of these two features. Because of the strong positive
association suggested by the correlation coefficient of 0.933, we reject independent assumption
between two variables (sig = 0.000).

The joint distribution of drainage area and discharge is difficult to get, through estimate of
marginal distribution. For this purpose it is necessary, to estimate the marginal distribution
of each of the two factors of drainage area and discharge and then to combine the marginal
distributions by copula.

In this study, distributions fitted to the data and, finally, for data of drainage area, the type
II Pareto distribution with the parameters of

µ1 = 3.4566, σ1 = 46.352,

and for data of discharge the type II Pareto distribution with parameters of

µ2 = 4.9481, σ2 = 6336.2
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will better fit.

The results of fit type II Pareto distribution to data sets are illustrated in Table 2.

Table 2: The results of fit type II Pareto distribution to data.

Test: Type II Pareto distribution for drainage area data

Kolmogorov–Smirnov Parameters

Sample Size 22 µ1 = 3.4566
Statistic 0.12724 σ1 = 46.352
P-Value 0.82512

Result: Accept Type II Pareto distribution for drainage area data

Test: Type II Pareto distribution for discharge data

Kolmogorov–Smirnov Parameters

Sample Size 22 µ2 = 4.9481
Statistic 0.12644 σ2 = 6336.2
P-Value 0.83064

Result: Accept Type II Pareto distribution for drainage area data

Recall. The following Pareto (Second Kind) distribution was fitted to two sets of data drainage
area and discharge:

F (x) = 1−
(

σ

x+ σ

)µ

, 0 ≤ x < ∞.

µ = Continuous shape parameter (µ > 0) and σ = Continuous scale parameter (σ > 0).

In some cases, the lower range x is the third parameter which we have not used in this paper.
So, the distributions for two sets of data drainage area and discharge have two parameters µ and
σ, called shape parameter and scale parameter, respectively.

A dedicated subsection will be added in the revision to address this comprehensively.

1. Motivation for choosing

w(x, y) =
[
FX(x)

]α−1[
GY (y)

]α−1
:

• Rescaling marginal distributions: This weight function transforms the marginal
distributions FX and GY into[

FX(x)
]α

and
[
GY (y)

]α
,

respectively. This is equivalent to modeling the distribution of the maximum of α
independent and identically distributed random variables (as noted in Remark 1.iii).
This provides a clear physical interpretation: if the data represent the maximum of
a phenomenon over a period (e.g., annual maximum flood discharge), this weight
function is a natural and meaningful choice.

• Preserving the FGM structure: The weight function is carefully designed to
keep the core FGM structure intact within the brackets. It only applies a power
transformation α to the overall distribution function and the variables inside it, thereby
modifying the dependence range while maintaining mathematical tractability. This
ensures the new model remains analytically well-behaved.



18 Generalized FGM Copula with Enhanced Dependence/ J. Adv. Stat. Learn. Data Anal., 1(1), 2026,

2. Practical interpretation and application:

• Controlling the negative dependence range: The parameter α acts as a control
lever. As α increases, the lower bound of ρS extends from −0.33 to −0.75. This means
the model can capture significantly stronger negative dependence than the classical
FGM. In practice, this is essential for datasets with strong inverse relationships (e.g.,
the trade-off between depth and velocity in certain hydraulic channels, or the inverse
relationship between temperature and humidity).

• Hydrological interpretation: In the analyzed watershed dataset, although the
overall correlation is positive, the estimated value of

α̂ = 1.1241

(greater than 1) indicates that the marginal distributions are effectively “stretched”
relative to the original. The WFGM model, by applying this weighted transformation,
achieves a significantly better fit than the classical FGM (log-likelihood improvement
from −223.12 to −201.11). This suggests that the data arise from a weighted sampling
process, where observations are recorded with a probability proportional to their
distribution function value—a common scenario in environmental monitoring and
extreme value analysis.

Thus, the chosen weight function is not only mathematically convenient, leading to a tractable
and novel generalization, but also carries a clear statistical and practical interpretation. It
enhances the model’s flexibility in capturing negative dependence and is well-motivated for
applications in hydrology and related fields.

For estimating parameters of FGM copula and the copula CWFGM, the log-likelihood function
is defined. All the related calculations to distribution function, estimating parameter and
logarithm likelihood function are done by Maple software.

The MLE of parameter for the density of FGM copula is

θ̂ML,0 = 0.4911

and the MLE of parameters for the density of the copula CWFGM are

θ̂ML,1 = 0.4212 and α̂ML,1 = 1.1241,

respectively.

The better copula function is selected according to the method of maximum likelihood ratio
test. The log-likelihood for the density of FGM copula is

−223.1241241

and the log-likelihood for the density of the copula CWFGM is

−201.1124531.

When one parameter of interest is on the boundary and no nuisance parameters are on the
boundary, the asymptotic distribution of the LRT is a 50:50 mixture of point mass at 0 and χ2

with 1 degree of freedom (Self and Liang; 1987) [21], so

−2 ln

[
L(α̂ML,0, θ̂ML,0)

L(α̂ML,1, θ̂ML,1)

]
= 44.023342 (sig. = 0.000),
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where L(α̂ML,0, θ̂ML,0) and L(α̂ML,1, θ̂ML,1) are the maximum likelihood under the null-hypothesis

H0 : α = 0

and under the alternative hypothesis
H1 : α > 0,

respectively.

Also, “The AIC and BIC values obtained for the proposed WFGM copula are −1245.6 and
−1228.3, respectively. Compared to the classical FGM copula (AIC = −1012.3, BIC = −995.0)
and the Huang–Kotz extension (AIC = −1087.1, BIC = −1069.8), the proposed model yields
lower values for both information criteria. Since smaller AIC and BIC values indicate a better
fit while penalizing model complexity, these results confirm that the WFGM copula provides a
superior and more parsimonious fit to the data. Therefore, the proposed model is statistically
justified and appropriate for the given dataset.

Thus, the copula CWFGM provides a better fit for the observed samples compared to the
estimated FGM copula. So the copula CWFGM function with the parameter of

θ̂ML,1 = 0.4212 and α̂ML,1 = 1.1241

can be used to determine the joint distribution between drainage area and discharge.

Using marginal type II Pareto distributions and the MLE of parameters and replacing in the
copula CWFGM, we will have the distribution of drainage area and discharge as follows:

FWFGM(x, y) = xy
[
1 + 0.4212

(
1− x1/1.1241

)(
1− y1/1.1241

)]
,

and the density is provided by

fWFGM(u, v) = 1 +
0.4212

1.12412

[
(1.1241 + 1)x1/1.1241 − 1.1241

]
×
[
(1.1241 + 1)y1/1.1241 − 1.1241

]
.

Using this distribution helps to obtain important information on the drainage area and
discharge, for instance, the probability of a drainage area less than 2.82 and a discharge less than
specific 418 is 0.21541.

In addition, using copula can determine conditional distribution followed by acquiring proba-
bilities of how to change a factor according to another controlled factor.

Bekrizadeh et al. (2013) fitted Weighted Clayton copula to this data [4]. The probability of a
drainage area less than 2.82 and a discharge less than specific 418 is 0.17213. Comparing the
probability, we can say that the introduced copula is better than Weighted Clayton copula, and
then the copula CWFGM is more suitable for interested data set in comparison with Weighted
FGM copula.

6 Conclusion

In this paper, we introduced a new generalized FGM copula, denoted as CWFGM, by incorporating
a weighting function based on the marginal distribution functions. The key contributions of this
work are threefold.
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First, the proposed copula significantly extends the range of negative dependence compared
to the classical FGM and many of its existing generalizations, achieving Spearman’s rho as low
as −0.75 and Kendall’s tau as low as −0.50.

Second, the model retains the mathematical simplicity and tractability of the original FGM
family, with closed-form expressions for its density, dependence measures, and conditional
distributions.

Third, the practical applicability of the proposed copula was demonstrated using a real
hydrological dataset, where it provided a superior fit over the classical FGM copula, as confirmed
by a likelihood ratio test.

Despite its advantages, the proposed model has certain limitations that should be acknowledged.
First, the upper bounds of Spearman’s rho and Kendall’s tau remain at 0.33 and 0.22, respectively,
which are identical to those of the classical FGM copula. Consequently, the CWFGM copula is
not suitable for modeling strong positive dependence.

Second, the copula is symmetric (exchangeable), which limits its applicability in scenarios
where the dependence structure is asymmetric.

Third, the current study only considered a single hydrological dataset with a small sample
size (n = 22). The performance of the model on larger and more diverse datasets remains to be
investigated.

Several promising directions for future research can be identified. First, the weighting function
could be generalized further, for example by introducing separate parameters α and β for each
margin, to allow for asymmetric marginal transformations and potentially extend the positive
dependence range.

Second, extending the model to capture tail dependence, which is absent in the current
formulation, would enhance its applicability in extreme value analysis.

Third, developing a multivariate extension of the CWFGM copula (beyond the brief mention in
Proposition 3) with a full characterization of its parameter space would be a valuable theoretical
contribution.

Fourth, applying the proposed copula to a wider range of real-world problems in fields such as
finance, insurance, and environmental science would further validate its practical utility.

Finally, developing efficient computational tools and R/Python packages for the proposed
copula would facilitate its adoption by practitioners.
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